Engineering Mathematics I
(Comp 419.001)

Midterm Exam I: April 19, 1999

1. (10 points) A retired person has a sum S(¢) invested so as to draw interest at an annual rate r
compounded continuously. Withdrawals for living expenses are made at a rate of k dollars per year;
assume that the withdrawals are made continuously.

(a) If the initial value of the investment is So, determine S(¢) at any time.
ds
S—k/r
S=ac +k/r. So=atk/r a=(So—k/r). S#)=(Sa—k/r)e" + k/r

S'(t) =rS(t) — k, =rdt, In(S—k/r)=rt+ec, S—k/r=ae"

(b) Assuming that Sp and r are fixed, determine the withdrawal rate kg at which S(t) will remain
constant.

S’(t) = 0, T(S(] - ko/T)ert = 0, T‘SO - ko = 0, k(] = TSU

(c) If k exceeds the value ko, then S(t) will decrease and ultimately become zero. Find the time T
at which S(T') = 0.

—k/r k 1 k
_k drT k = TT: = T:—l
(So = k/r)d™ 4 kfr =0 = e =k sy r n(k—r50>

2. (5 points) In the following equation, determine the value of b for which the equation is exact and
then solve it using that value of b:

(ye*™ + z) dx + bxe*™¥ dy = 0.

oM  ON
— = =, ¥V 4 2ye®™Y = be®™Y 4 2bzye®®?, b=1
Jy Ox
1 1 0 1 1
u= /Mdac = 562“’ + 5:62 + k(y), a—Z =ze®™ + k' (y) = N = ze*™, wu(z,y) = 562” + §$2 =c

3. (5 points) Solve the following initial value problem
y' +ay=ayt, y(0)=2.

Let u = y?, then ' = 2yy’ and u(0) = 4. Thus, we have
2y’ +2xy® =2z, o +2zu=2x, h= /2$d$ =2
2 2 2 2 2
u=e * [/e’E 2a:da:+c] =e " [e" +c=14ce”
u(0)=1+c=4, ¢=3, u(z)= 1+3e, y(z) = V1 + 3e~2?

4. (10 points) A series circuit has a capacitor of 10~° farad, a resistor of 3 x 102 ohms, and an inductor
of 0.2 henry. The initial charge on the capacitor is 107% coulomb and there is no initial current. Find
the charge on the capacitor at any time ¢.

10°Q + 3001 +0.2I' =0, Q(0)=10"°

10°Q + 300Q" +0.2Q" =0, Q" + 1500Q’ + 500000Q = 0,

(A +500)(A+1000) =0, @ = c1e7 %% 4 e 1000 ¢} 4 ¢y = 1076
Q' = —500c1e7°%% — 1000c2e7 0% Q'(0) = ¢1 + 2¢o = —I(0)/500 =0
c1=2-10%c=-10"% Q) =2-10 Fe 0% — 10 G 1000



5. (5 points) Solve the following initial value problem

y" +4y =3sin2z, y(0)=2,9'(0) = —1.

AN 4+4=0, A=242i, y,=c cos2z+ cysin2z, Yp = €32 COS 2 + ¢4 sin 2z

yg = —4c3sin 2z — 4esx cos 2z + 4eyq cos 2x — 4eyx sin 2x
3
Yy, +4yp = —4c3sin 2z + 4cq cos 20 = 3sin 2z, ¢z = = 0
. 3 , 3 1
Y = ¢1 COS 2% + ¢ sin 2 — Zxcost, y(0)=c1 =2, 4'(0)=2c — 1= -1, = -3

1 3
Yy = 2cos2x — gsian— chost

6. (5 points) Solve the following initial value problem

2y +ay' —y=zlnz, y(1)=0,y'(1)=0.

y:xm’ m(m—1)+m—1:O, m2_1207 m:ila y1:$7y2:$71

1 = Inz 1 1 Inz
Yh = 1T + 2T 7, -2z :—smcey s y——2y:—
x x
/ dr +y / "4 z(lnz)? 11 +1
= - —dx “dr=-z(nz)" — -zlnz+ -2
Y1 W Y2 1 3
1
Y=c1Z+ cox” +4a:(1na:) —lenx+8x y(l):cl+02+§:0
"=¢ —cgv_2—|-1(1n312)2+11n3v—1 '(1)—0—0—1—0 1 =0,c0=—<
y=a 2 1 1 8’y =0 23 =Y 1=0a="—3
1 1
y:gx—gx_l—glnx+§(lnx)2

7. (10 points) The gamma function is defined as follows
Fip+1) :/ e TxPdz.
0

(a) Show that for p > 0
Lp+1) =pI(p).

Flp+1) = / e TaPdr = [—efzwp]go +p / e “zPldx = p T(p)
0 0
(b) Show that I'(1) =
ra) = / e 20 = [—e P =1
0

(c) For a positive integer n, show that
F(n+1)=n!

F'n+1)=nTHh)=n(n—-1)T(n-1)=---=nll(1) =
(d) Show that for p > 0

pp+1)(p+2)---(p+n—-1)=T(p+n)/T(p).

Tp+n) = pP+n—-1)Tp+n-1)=p+n-Dp+n—-2)T(p+n-2)
= ={@+n-1p+n-2)---pI'(p)
L(p+n)/T(p) = pp+1@+2)---(p+n-2)(p+n-1)



10.

11.

12.

13.

14.

(5 points) Show that
F(s) = L[(=0)" f(1)].

F(s) = / e~ (Ddt,  F(s) = / eSO f()dt,  F"(s) = / =5t (— )2 f(t)
Assume FO) (s) = / =5t (— )k F(t)dt, then FU+D(s) = / et (— )k F (1)t
(5 points) Show that

B 52 1
£t <m> = E(smo.;t—+—wtcoso.ni).

s2 +w? 824 w?

52 s s t
£t <(7> =L < . ) = coswt * coswt :/ coswt - cosw(t — 7)dr
0

§2 + w?)?
t

1/t 1 171 1 1
= 5/0 [coswt + cosw (2T — t)]dr = §tcoswt+ 3 [% sinw(27 —t)] = Etcoswt+ %sinwt

0

(10 points) Solve the following integral equation
t
y(t) = tet — Qet/ e Ty(r)dr
0

y(t) = te! — 2/0 e Ty(r)dr = te! — 2y(t) xef, Y(s) = ﬁ — 2Y(s)L

Che <si1 - s-lkl> Lyt = 5(e =) =sinhe

(10 points) Solve the following initial value problem

v =11 +3y2,  31(0) =2,41(0) =3,
yy =4y1 —4e’,  y2(0) = 1,55(0) = 2.

(Y1 —92)" = =3(y1 —y2) +4e’, (11 —22)(0) =1, (31 —32)'(0) =1

4
32(Y1_)/2)—S—1:—3(Y1—Y2)+m
s+1 4 1

Y_Y: =
TR e T @ e s—1
yi—y2=€, yr=y2+e

1
Yy =4y, Yo —s5—2=4Y,, Yo = g 2= ety =e +e*
(10 points) Solve the following initial value problem
yi+y2 = 2[1—wu(t—2m)cost,
nty, = 0,
Y (0) = 0,
Y2 (0) = 1.
(5 points) Find the inverse Laplace transform of the following function
s+1 _
sz © |

£t [(1 + S%) eS} =Lt Ees} +L7t [S%eS] =l-u(t—1)+@¢-1)-ult—-1)=t-ult-1)

S

(5 points) Set up the model of the network in the following figure, assuming that all charges and

currents are 0 when the switch is closed at ¢ = 0.

5i +20(iy — i) = 60
20(i) — i}) + 20iy + 30i, = 0



