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Quaternions

1-i=4, 1-j=34, 1-k=k,
2=2=1}2=_1

g = w ~+ zi+ yj + 2k,
where w, x,y, z are real numbers.



Addition and Multiplication

For ¢1 = (w1,21,¥y1,21), 92 = (w2, 2,Y2,22),

(w1 +wo,x1 + x2,y1 + Y2, 21 + 22),

q1 + g2

(wrwo — ((z1,y1,21), (2, Y2, 22)) ,
w1 (z2,Y2,22) + wo(x1,y1, 21)
+(1,y1,21) X (x2,Y2,22)),

where (x, x) means the inner product.
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Unit Quaternion

For ¢ = (w,z,y,2) € 83, w2 +z2 4+ 9y + 22 =1,

g = (w,z,y,2) = (cosb,sinb(a,b,c)) € S>,
where
(CL, b, C) — (:Baya Z) c 82,
\/af:2 + y? + 2°

2 2 2
6 — arctan (\/x Ty Ttz )

w



30D Rotation

For a 3D point (o, 8,7) € R3,
a unit quaternion ¢ = (w,z,y,2) € S3,
and its conjugate ¢ = (w, —x, —y, —z) € S3,

q- (07@7537) g = (O,&,B,:)/),

is the result of rotating («,3,v) by angle 260
about the axis parallel to (a,b,c).



The 3D Rotation Matrix

1 —2y2 — 222 2zy — 2wz 2xz + 2wy
2ry + 2wz 1—2z2—2z2 2yz — 2wz
2xz — 2wy Qyz 4+ 2wr 1 — 2z2 — 2y |

1. Each row is a unit vector, and each column
IS @ unit vector.

2. Rows are mutually orthogonal each other,
and columns are mutually orthogonal each

other.
3. The determinant of R4 is 1.



Some Properties

2. If g1,q9> € 83, then ¢g> - g1 € S3.

3. RgpoRqy = Rgpeqq-



Quaternion Calculus

Given q(t) € S3,
g (t) = (0,v(?)) - q(t),

for some v(t) € R3.

T] 513 = R3

L1

7,88



Angular Velocity

The rotated point p(t) = Rq(t)(p) IS in a sphere
with radius ||p|| and center (0,0, 0):

(0,p(t)) = q(t) - (O,p) - q(t).

Differentiating the above, we get

(0,p"(1)) = (0,2v(¢)) - (0,p(t))
(0,2v(t) x p(1)),

which means w(t) = 2v(t).



