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Quaternions

o SIr Willlam Hamilton discovered
quaternions in 1843 as a generalization
of complex numbers.

* [nstead of one imaginary unit I,
three imaginary units i, j, k are used
In quaternions

 Each quaternion is represented as

qg=w-+xt +yj+ zk



Quaternions

* Imaginary units

lv=1, 1-9=3y, 1-k=k,
i2 =2 = k2= 1,

i-j=k, j-i=—k,

jok=1i, k-j=—i,

kei=7j, i-k=—j



Quaternions

 We may represent the quaternion as
a 4—tuple of real numbers: ¢ = (w, z,y, 2).

* Glven two quaternions:
q1 = (wlafplaylazl)a 2 = (’wz,ﬁﬁza’yz;ZQ)a

(w1 + wa, Ty + o, Y1 + Y2, 21 + 22),

(w1w2 o <($17 Y1, Zl)a (xQJ Y2, ZQ)) 9

w1 (z2, Yo, 22) + walT1,y1, 21)
+ (21, Y1, 21) X (T2, Y2, 22))

1 + G2
qd1 * 42



Unit Quaternions

 Unit quaternions are closely related to
3D rotations. A unit quaternion can be
represented as follows:

q = (w,z,y,z) = (cosb,sinb(a,b,c)),

where

(z,v, 2)
a? bjc — ?
( ) Vi +y? + 22

VI +y? + 27
0 = arctan :

w



3D Rotations

* The unit quaternion
g = (cos#,sinf(a,b,c)) € S°
represents the rotation by angle 26
about an axis (a,b,c) € S*.
 The rotation moves («,3,7) € R* to

(0, &, 3,7%) = (cosb,sinb(a,b,c))
- (0,0, B,7) - (cos 8, —sinbB(a, b, c))



Rotation Matrix

(w,m,y,z) ) (Oaaaﬁ: ’7) ) (wa —&, Y, —Z)

- (—(IOf + yf8_|_ Zf}/)a w(&,ﬁ,’}/) + (CL', Y, Z) X (aaﬁa f}/)) ) (wa —T, Y, _Z)
= (—w(zxa+yl+ zv) + w(ax + By + vz),

(za+yB+ 27)(z,y, 2) + w(a, 4,7)
+w(z,y,2) X (o, 8,7) — w(e, 5,7) % (z,y, 2)
—((z,y,2) X (o, 8,7)) x (2,y,2))
(0, (*c + 2y B + z27y, vy + y° B + yay, vza + yzB + 2°7)

(w'a w? 5, w?7y)
(wafy —2wzfB, 2wza—2wzy, 2wzl —2wya)
(zyB + x27 — 2o — Y a,

rya +yzy — ' f — 24,

v2a 4 yzf — 1*y — y°y))



Rotation Matrix

(’UJ, LyY, Z) ) (05 v, ;Ba F}/) ) (’UJ, —&, Y, —Z)
(

0, (z°c + xy B + z27, 2Y0U + Y B + Y2y, x2a + Y23 + 2°)

(w?a w2, w?)

(wa,), 2wz, 2wza —2wzxy, 2wzl — 2wyw)

(zyB + z27 — 2200 — Y2«

zya + yzy — 2B — 2°0,
zzo 4+ Yz — x’y — y*y))

(0, (2 + w? — y* — 2%)a + 22y — 2w2) B + (222 + 2wy )7,
(2zy + 2w2)a + (y* + w? — 2° — 2°) B3 + (2yz — 2wz)",
(222 — 2wy)a + (2yz + 2wz) B + (w? + 2° — 2 — y*)7)



Rotation Matrix

(wa LY, Z) ' (Oa a, 3, f}/) ' (’{U, —, Y, _Z)
= (0, (2* +w?® —y* — 22+ 22y — 2wz2)B + (2xz + 2wy)7,
(2zy + 2w2)a + (y* +w? — 2° — 2°) B + (2yz — 2wz)Y,
(222 — 2wy)a + (2yz + 2wz) B + (W + 22 — 2° — y°)7)

2

Q| 22 w? — y? — 22 21y — 2wz 2rz + 2wy
Bl = 2xy + 2wz y? +w? — 1% — 22 29z — 2wx
- 2xz 2wy 2yz + 2wz w?+ 2 =2 —y° ||
1292 — 222 22y — 2wz 22z + 2wy || a
= 2ry + 2wz 1 —2x%— 222 2yz— 2wz o]
2rz — 2wy 2z +2wr  1—-22°—2y* | | 7 |

X

2



Rotation Matrix

Each row/column is a unit vector.

Rows/columns are mutually orthogonal
each other.

The determinant of rotation matrix is 1.

Remark:
1. R_.,=R,.

2. If ¢1,q9 € S°, then g5 - q; € S°.

3. Rg,Rey = Ryy.qy-



