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Quaternions 

• Sir William Hamilton discovered 
quaternions in 1843 as a generalization 
of complex numbers. 

• Instead of one imaginary unit i,  

   three imaginary units i, j, k are used  

   in quaternions 

• Each quaternion is represented as     



Quaternions 

• Imaginary units 



Quaternions 

• We may represent the quaternion as 

  a 4-tuple of real numbers:  

• Given two quaternions: 



Unit Quaternions 

• Unit quaternions are closely related to  

  3D rotations.  A unit quaternion can be 

  represented as follows: 

  

 



3D Rotations 

• The unit quaternion 

  

  represents the rotation by angle   

  about an axis  

• The rotation moves                   to 

 



Rotation Matrix 



Rotation Matrix 



Rotation Matrix 



Rotation Matrix 

• Each row/column is a unit vector. 

• Rows/columns are mutually orthogonal 
each other. 

• The determinant of rotation matrix is 1. 

• Remark: 

 



Quaternion Calculus 



Angular Velocity 


