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1. (15 points) Given a square matrix A = [a;;] with eigenvalues Ay, Ay, - - -, A,,, show that

(a) (5 points) the determinant of A = AAy--- A,
(b) (10 points) the trace of A (= X% ai) = Ypeq Mk
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( 0 points) We apply the improved Euler method to the following initial value problem with
= 0.2
y'=—y+2x, for0<z<1, y(0)=-1, y'(0)=S8.

Derive the recursive formulas for 41 ,+1 and ys 41 in terms of y,, Y15, and Yo .
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3. (30 points) Consider the following heat equation
Up = Uge, 0<2<1, 0<¢<0.02,
with boundary conditions

(1,t) =2, for 0 <¢<0.02

ug(0,t) =1¢, for 0 <t <0.02
us(1,t
u(z,0) = 0.5 — ||z — 0.5||

Approximate the solution to the above equation using the Crank-Nicolson method with h =
0.2 and k£ = 0.02 for 0 <t < 0.02. Set up the Gauss-Seidel Iteration that solves this problem.
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4. (15 points) The least squares approximation of a function f(z) on an interval [a,b] by a

function
Fo(z) = aoyo(x) + arya(z) + - - @y ()

requires the determination of the coefficients ay, - - -, a,, such that

[[U@) = Fu(a)Ps

becomes minimum. Show that a necessary condition for that minimum is given by m + 1
normal equations (j = 0,---,m)

i hjrar = bj,
where , ! .
hie = [ yi@p@)de, b= [ @)y @)ds.
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5. (20 points) On each interval z; < z < ;4,, we define a cubic polynomial p;(z) such that

pi(x;) = f(2;), pi(i1) = fzi0), Py(w) = ks Pi(2501) = K.
(a) (7 points) Show that the following polynomial satisfies the above conditions:
pi(x) = flz)ci (@ = 2j01)*[L +2¢;( — 35)] + f(@551) 5 (2 — 2)[1 = 2¢5(z — 341)]
+kicl(x — z5) (@ — z541)% + ki (2 — z;)*(x — j41),

1
Tj+1—2;

(b) (10 points) Show that

where ¢; =

pl]/(SUj) = —GCif(T]) -+ 6C?f($j+1) - 4Cj]€j - QCjkj_H
pi(zin) = 6¢;f(z5) = 6c;f(j41) + 2655 + dejkjn.

(c) (3 points) Show that the condition p?_,(z;) = pj(z;) implies
cjrkjo1 +2(cjm1 + ¢)kj + ik = 3 Vi + &V fil,

where Vf; = f(z;) — f(zj—1) and V fj11 = f(z41) — f(z;).
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(Continued)
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