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Tool Path Generation for NC Machining
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Motivation

ollision Avoidance Motion Planning
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Minimum Distance Computation
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Natural Shape Design and
Compact Shape Representation

In these special cases, the sweep surfaces are rational
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Outline

Introduction

Research Issues

Non-rational Envelope of Curves and Surfaces
Rational Envelope of Lines and Planes

Offset Trimming

Conclusions
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|ntroduction

 Conventional Research in CAGD
Design and representation of freeform geometry

o Geometric Operations

Offsets, Minkowski sums, sweeps
Medial axis transformation, bisectors
Voronoi diagrams and Voronoi cells

« Fundamental Difficulties

Results are often non-rational curves/surfaces
Arrangement of algebraic varieties
High degree, robustness, efficiency, etc
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Offset of A
AT r= Upc A Or(p)

Minkowski Sum of A and B

A®B = {a+b|acAbecBj}
= Uaca (B +a)
= Upep (A+Db)
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Envelope Curve

C1(u) = (z1(u),y1(u)): Trajectory
Cr(v) = (zo(v),y>(v)): Moving curve
(x(u,v),y(u,v)): Envelope curve defined by

r1(u) + z2(v),
y1(u) + y2(v),
1 (w)ys(v) — y1(u)z5(v) = 0.
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Envelope Curve Eqguation

r = z1(u) + z2(v)
y = yi1(u) + y2(v)
0 = z7(w)yo(v) —yy(u)as(v)

Eliminating v and v, the envelope curve
e(xz,y) = 0 has algebraic degree O(d3)
much higher than (2d — 2) of F'(u,v) = 0.
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Bisector Curves

((z,y) = C1(w),C1(w)) =0,
((z,y) = C2(v),Ch(v)) = 0,
<($’y) - C1(u) + Co(v)

> ,C1(u) — 02(’0)> = 0.
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Bisector Equation

((z,y) — C1(w),C1(w)) = 0,
((z,y) — C2(v),Ch(v)) =0,

<(m,y> _ G +G) oy - 02(’0)> —o.

2

Eliminating « and v, the curve b(x,y) = 0 has
degree 7d1d> — 3(d1+d>) + 1

Eliminating =z and y, we have F(u,v) = 0 of
degree 2(dq1 + dp) — 2.

For di =d> = 3, F(u,v) = 0 has degree 10 and
b(xz,y) = 0 has degree 46
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Sweep Envelope Surface

S(u,v) = (s1(u,v),s2(u,v),s3(u,v))"
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Calculus on Envelope Curve

z = x1(u) + z2(v),
F(u,v) = y = y1(uw) +y2(v),
F(u,v) = z1(w)ys(v) — ¥y (w)a(v) = 0.

Uu

dv F,

2
dzfu Fuu + 2Fuvg_:i + Fow (g—z)
du? F,
— FyuF2 + 2FyoFyFy — FyuF2

Fp
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Calculus on Envelope Curve

dx dv r = x1(u) + z2(v),
— = a’;u(u,’u) —+ ZBU(U,’U)— y = y1(w) +y2(v),
Eii’u gu Fu,v) = oy (u)yh(v) — 'y (u)ay(v) = O.
J v
@ — ?JU(UaU) + yv(’u»a’U)—
d?x dv\ 2 d2v
ﬁ — Zuu + 251511/0 + Lyv (@) + xvd’u,Q
d?y - - d’U dv\ 2 d?v
du2 YJuu Juv du Jov @ v du?
dzx d2 _ d%zdy

()7 + (27
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Envelope Surface

Given two surfaces
S]_(’LL,’U) — (ml(u,v),yl(u,v),zl(u,'v))
82(87 t) — (372(8: t)a yQ(Sa t)a ZQ(Sa t))

Envelope surface (z(u,v,s, t),y(u,v, s, t), z(u,v, s, t))
is defined by

iL‘]_(’LL, U) + iEQ(S, t)
y(ua U, S, t) — yl(ua U) + 92(37 t)
Z]_(u, U) + ZQ(Sa t)

<N1(u v), aaﬁ(s t)> =
G(u,v,s,t) = <N1(u v), (s t)>

:E(u? U) S) t)

Z(’U,, ?')7 S? t)

F(ufl ?')7 S? t)
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Rational Envelope of Line Sweep

a(t)z + b(t)y + c(t) = 0,
o () +b'(t)y + (t) = 0.

o b(t)c'(t) — b’ (t)c(t)
a(t)b'(t) —a’(t)b(t)’

Y = a’(t)c(t) — a(t)c'(t)
a(t)V'(t) — o’ (£)b(t)
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Rational Envelope of Plane Sweep

One—parameter family of planes produces
a rational developable surface

a(t)z + b(t)y + c(t)z + d(t) = 0,
d(x+by+ )2+ d(t) =0.

Two—parameter family of planes produces
a rational envelope surface

a(u,v)x + b(u,v)y + c(u,v)z + d(u, ’U) = 0,
ay(u,v)x + by(u,v)y + cy(u,v)z + dy(u,v) = 0,
ay(u,v)x + by(u,v)y + cy(u,v)z + dy(u,v) = 0.
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Trimming Offset Surface
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Conclusions

 Problem reduction to a system of equations
In the parameter space

 Degree reduction in the parameter space
 Dimension reduction to the parameter space

o Squared-distance-based formulation for
offset trimming
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