
GMP2012, June 18-22 

Offsets, Sweeps, and Minkowski sums 
for Freeform Curves and Surfaces 

Gershon Elber 
 

Myung-Soo Kim 



GMP2012, June 18-22 2 

   Motivation 

Dilation, Erosion, and Medial Axis 
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   Motivation 

Tool Path Generation for NC Machining 
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   Motivation 

Collision Avoidance Motion Planning 
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   Motivation 

Minimum Distance Computation 
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   Motivation 

Natural Shape Design and  
Compact Shape Representation 

In these special cases, the sweep surfaces are rational. 
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   Outline 

Introduction 
Research Issues 
Non-rational Envelope of Curves and Surfaces 
Rational Envelope of Lines and Planes 
Offset Trimming 
Conclusions 
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   Introduction 
 
• Conventional Research in CAGD   
    Design and representation of freeform geometry 

• Geometric Operations 
    Offsets, Minkowski sums, sweeps 
     Medial axis transformation, bisectors 
     Voronoi diagrams and Voronoi cells 

• Fundamental Difficulties 
    Results are often non-rational curves/surfaces 
     Arrangement of algebraic varieties  
     High degree, robustness, efficiency, etc 
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  Definitions 
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  Envelope Curve 
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  Envelope Curve Equation 
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   Bisector Curves 
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   Bisector Equation 
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   Sweep Envelope Surface 

In this case, the sweep envelope surface is non-rational. 
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  Calculus on Envelope Curve 
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  Calculus on Envelope Curve 
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   Envelope Surface 
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  Rational Envelope of Line Sweep 
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 Rational Envelope of Plane Sweep 

 
 

 
 

One-parameter family of planes produces  
a rational developable surface  

Two-parameter family of planes produces  
a rational envelope surface  
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  Trimming Offset Curve 
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  Trimming Offset Surface 
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  Trimming Offset Surface 
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  Conclusions 

• Problem reduction to a system of equations 
in the parameter space 

• Degree reduction in the parameter space 
• Dimension reduction to the parameter space 
• Squared-distance-based formulation for 

offset trimming 
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