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1. (10 points) Suppose P is the projection matrix onto the subspace S and Q is the projection onto
the orthogonal complement S⊥. What are P + Q and PQ? Show that P −Q is its own inverse.

2. (10 points) Show that the length of Ax equals the length of ATx if AAT = ATA.

3. (10 points) The lines 3x + y = b1 and 6x + 2y = b2 are . They are the same
line

if . In that case. (b1, b2) is perpendicular to the vector .

The nullspace of the matrix is the line 3x + y = . One particular vector in

that nullspace is .
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4. (10 points) If you know the average x̂N of N numbers b1, · · · , bN , how can you quickly find the
average x̂N+1 with one more number bN+1? The idea of recursive least squares is to avoid adding
N + 1 numbers.

5. (10 points) If PC = A(ATA)−1AT is the projection onto the column space of A, what is the
projection PR onto the row space of A? Under what condition on A? Justify your answer.
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6. (10 points) What matrix transforms

[
a
c

]
to

[
r
t

]
and

[
b
d

]
to

[
s
u

]
?

7. (15 points) If Ax = 0 has a nonzero solution, show that ATy = f fails to be solvable for some
right-hand sides f . Construct an example of A and f .
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8. (15 points) Show that two matrices Am×n and Bn×r can be multiplied as follows:

AB =
n∑

k=1

(column k of A)(row k of B) =
n∑

k=1

akb
T
k ,

where A = [a1 · · · an] and BT = [b1 · · ·bn].

9. (10 points) If an invertible matrix A = L1D1U1 = L2D2U2, show that the factorization is unique.
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