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Abstract

Genera13×311nearOr4×4homogenous matrices can bく；

fomed by composing prlmitive matrices for translation，

rotation，SCale，Shear，and perspective・Current　3－D

COmPuter graphlCS SyStemS manlPulate andinterpolat（∋

parametricfomsoftheseprlmitivestogeneratescenesand
motion・For this and other reasons，decomposing a

COmPOSite matrixin a meanmgfulway has been along－

Standing challenge・This paper presents a theory an（1

method for dolng SO，PrOpOSlnglhat the centralissue古ミ

rOtationextraction，andthatthebestwaytodothatlSPolar

Decomposition．This method alsois useful for renormaL

izlngarOtationmatrix containlngeXCeSSiVeerrOr・

Resume

Des matrices correspondant a des transformationslineaires

en3dimensions，Oubien adestransformationshomogenes

en4dimenslOnS，PeuVentetreCOnStruitesencomposantdes

matrices qui decrivent des transformations elementaires：

deplacement・rOtation・homothetie，glissement，et PerSPeC－

tive・Lessystemesactuelsdevisualisationgraphiqueatrois

dimensions manlPulent des formes parametrlqueS de ces

transfomalionselementaires，POurreCreerdesscenesetdes

mouvements・Ilendecoulel’interetdetrouverdesdecompo－

Sitions pratlqueS de matrices composees・Nous presentons

iciunetechniquepourtrouverdetellesdecompositions・しく∋

PrOblemefondamentalestl’extract10ndesrotations，etnous

demontronsqu’unedecompositionpolaireestlamethodedくラ

Choix・Cette methode est aussi utile quantil faut

renomaliserunematricederotationqulCOntientdeserreurs

Keywords：homogeneous matrix，matrix animat10n，

interpolatlOn，rOtation，matrix decomposition，Polar

Decomposition，QR Decomposition，Singular Valuく；

Decomposition・SpectralDecomposition，greedy algorithm

lntroduction

MatrixcompositioniswellestablishedasanImpOrtantPart

OfcomputergraphicspracticeandteachlngIFoley90］．It；

used to simplify and speed the transformation ofpolntS，

CurVeS・andsurfacesformodeling，rendering，andanimation．

Matrix decomposition－the focus of thlS paPer－isless

Wellknownincomputergraphics．Itisusefulforavarietyof

purposes，eSPeCially animation andinteractive manlpul－

at10n．

Theusualtransfomationsofanobjectcanbedescrlbedby

3×4affine matrices；but the12entries ofsuch a matrix are

not very meanlngfulparameters．To understand，muChless

modify，matrices requires a good decomposition・Any

decompositionmust accountforall12degreesoffreedom

（16for4×4matrices）in theindependenlparameters ofthe

prlmitives used．A decomposition that provides too few

ParameterS Willnotbe able tohandle alllnPutS，While one

thatprovidestoomany willnotbe stableand wel1－defined．

The greatest problem，however，is ensuring that the

decompositionis meanlngful．

Most widely used3－D animation systems，typified by

Stem’s bbop at NYIT tStern83］，Gomez’s M，tXT at Ohio

State［Gomez84］and Duff’smdat Lucasfilm（laterPixar）

allow the parameters ofprlmitive transformations tobe set

interactively at key times，and compute transformations at

lntermediate times by splineinterpolationin parameter

SpaCe・Sometimes，however，Only a composite matrixis

aVailable at each key frame，Or mOre design flexibilitylS

needed thanlhat allowed by a hierarchy of prlmitive

transformations・ItlSPOSSibletointerpolatetheentriesofa

COmPOSite matrix directly，but the results are usually

unsatisfactory・Decomposition allows the use of standard

interpolation methods，and can glVe muCh better results．

Matrix animationis discussedin more detailbelow．

Most authors have considered decomposition withless

S－rlngent Criteria than ours．A common motivationis the

needtosynthesizeanarbitrary matrix from alimited setof

prlmitives，Without regard for meanIngfulness oflhe

decompositionlThomas911．Typically，these methods rely

OnaSequenCeOfshearsIGreene86］，andgive factOrS mat

depend on the coordinate basis used．Shears are one ofthe

less common operationsin graphics，and a sequence of

Shearsis a poor choice for animation．In contrast，the

decomposition we propose has a simple，physical，COOr－

dinateindependentinterpretation，preSerVeS rigid body

motionasmuchaspossible，andanimateswelI．
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Composition and Decomposition

ThreetypesofmatrlXareCOmmOnlyusedfor3－Dgraphics‥

3×31inear，3×4affine，and4×4homogeneous；Similartypes

withonelesscolumnandrowareusedfor2－Dgraphics．The

homogeneous matrixis most general，aSillS able to

representallthetransformationsrequiredtoplaceandview

an object：tranSlation，rOtation，SCale，Shear，and perspec－

tive・Any numberoftransformations can be multiplied to

formacompositematrix，SOthatapolntCanbetransformed

frommodelspacecoordinatestoscreenspacecoordinatesin

aslnglestep・Generally，however，perSpeCtiveistreatedasa

separate stepin the viewlng prOCeSS－becauselighting

calculations must be done first－and not used formodeling

Or Object placement・Allthe transfomations except per－

Spectivecanbeaccomodatedbyanaffinematrix・Which・in

turn，Canbeconsideredjusta3×31inearmatrixwithatrans－

lation column appended．（FollowinglFoley901，We Write

pointsascolumnvectors，txyzlIT，Whicharemultiplied

ontheleftbythematrix・）

Figurel・Pri巾tiveTIanSlomtltionMatrices

Each prlmitive transformatlOn has a more meanlngfuland

concISe repreSentation thanitsmatrix：aVeCt0rformost・a

quaternionforrotations・Itisnottoodifficulttorecoverthe

concise formif the matrix for the prlmitiveis available

tGoldman911LShoemake911・Once primitives haVe been

multipliedinto a composlte matrix・howeVer・reCOVerylS

generallylmPOSSible・Evenso・agreatdealcanbedone・aS

we shail see．

Primitiverecoveryisdifficultforthreereasons：abso申10n，

order，andinteraction．The first two problems areinlrac－

table；the thirdis the focus of this paper．AbsorptlOnlS

simple：a SequenCe Oftranslations glVeS a reSult whichis

indistlnguishable from a single translation・Or from any

number ofdjfferenl sequenCeS；the sameis true of other

prlmitives・Orderisalsosimple‥theeffectofatransIation

followed by a scale could as easily be achieved by com－

poslngprlmitivesin the oppositeorder；1ikewise forother

paIrS・Interactionis more subtle：mOSt tranSformations

changeallcolumnsofthematrix，SOSCaling（forexample）

affectslranSlation；allpalrS Ofprlmltivesinteract・Notice

anyshearcanbeachievedbycombiningrotationandscale・

WhileabsorptlOnandordercannotbeunscrambled，theycan

be standardized；for animation and other applicatlOnS Of

interest，this usually suffices・Absorpt10m Can Simply be

lgnOred；thatis，nO attemPtis made to tease apart a trans－

lation（exceptperhapsintox，y，andz components）．Order

ishandledmosteasilyby assumlngaCanOnicalorder，SuCh

asPerspectiveofTranslationofRotationofScaleofobject．

Whichcanonicalorderis chosenlSpartly a matteroftaste；

this particular one makes translation trivialto extract，and

Placesperspectiveintheorderexpectedforatransfomation
to camera coordinates．If moreinformationis made aVail－

ablein aparticularsituation，itmaybepossibletoimprove

upon these standard assumptlOnS；for example言t may be

known that only x translation took place，Or that SCaling

WaS donelast．Such specialcase extractionis outside the

SCOpeOfthispaper．

Rigidity and Rotation

A perspective matrix ofthe form glVen aboveis easy to

extractasaleftfactorofacompositehomogeneousmatrix，

C＝PA，Withnon－Slngular3×3corner；thedetailsareleftas

an exerciseforthereader．Noticethatthe usualperspective

matrixincludes translation and scale；We have chosen the

minimalformnecessarytoreduceCtoanaffinematrix．†

Likewise，atranSlationiseasytoextractastheleftfactorof

the remainlng amne matrix，A＝TM；Simply strlP Offthe

lastcolumn．Thematrix M thenessentiallywillbethe3×3

matrix ofalineartransformation．It would be simplest not

to factor M at all，but to animateits entries directly．The

results ofthis overly simple approach are visually discon－

Certlng，but worthinvestlgatlng．

Direct matrixinterpolation treats each component of the

matrix separately，and createsintermedlate matrices as

Weighted sums ofnearbykeymatrices・Forexample，linear

interpolationbetweenkeys MlandM2uSeS（1－［）Ml＋tM2，

While cubic splineinterpolation uses affine combinations，

αlMl＋α2M2＋α3M3＋α4M4，Withα1＋α2＋α3＋α4＝1・The

results ofthis approach areimmediately deduced from the

linearlty Ofmatrix multlPllCation・

Proposition：A point transformed by a

Weightedsumofmatricesequalstheweightedsum

OfthetransformedpolntS；thatis，

（∑αIM，）p＝∑α，（M，p）・

AnexampleofthisbehaViorcanbeseeninFigure2，Where

thechinandhatbackmovesteadilyalongalinefrominitial

to finalposition，aS do allthepoints．（We willuseplanar

examples because they are easiertointerpret on the page，

bulillustrate the sameissues as spatialexamples．）Notice

that theinterpolated matrix twice becomes slngular as the

†But apemutationmatrix may also be neededtoprovide

plVOtlngforwhatis言neffect，ablockLUdecomposition・

G．。Phi。SIn．e．fa。。・92老鬱
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1mage aPPearS tOmp OVer・At any moment ofsingularlty

theimagewlllcollapseontoaline（OrWOrSe，aPOint）．

子

≠二二重要「

［こそ≒

Figure2・DirectMatrixlnterpoLation

Consider a square centered at the orlgln，and two key

matrices‥theidentlty and a1800rotation．Since there are

Only tWO keys，Onlylinearinterpolation makes sensく∴

Then，howeVer，thetheoremimpliesthateachcornerofthe

Square Willmovelinearly toits ro‘ated position，Whichis

diagonally opposite；the square willcollapse through the

Orlgln．Although the distortions diminish with smaller

angles ofrotation・the squarelosesits shape・We expe（・t

rotations to transform the shape rigidly；direct matrix

interpolation fails todo so・On the otherhand，thereis no

PrOblem with matrices fortranslation，SCale，0rShear．

Experiments withapparentmotion（nash onelmage，flash

another，SeemOtion）suggestthatthehumanvisualsystern

infers rigid motion as much as possiblelCarlton90l

lShepard84］・Rotationistheonlyrigidtransformationthat

is distorted by direct matrixinterpolation・It therefore

SeemS reaSOnable toconclude that me centralproblem for

matrix animationlS tO eXtraCt a rOtationin the bes。t

possibleway，SOthatitcanbeinterpolatedasarotation．

Decomposition Methods

Rotation matrlCeS have simple deflning properties：eaCh

COlumnisaunitlengthvectorwhichisperpendiculartOthe

Others・andthethirdcolumnisthecrossproductofthefirsit

tWO・（Rows satisfy the same properties．）The first tW。

properties are those ofo′・rhogo′7a柄y，andcan be summa－

rizedasQTQ＝Lthelastmakestheorthogonalityspe（・iaら

and can be stated as det（Q）二十1．0rthogonality alone

impliesthatthedeterminant must beeilher＋lor－1，Witln

thelatterindicatlng the presence of a refIectionin the

matrix・A3×30rthogonalmatrlXWithnegatiVedeterminant

Canbeconvertedtoapurerotationbyfact0…gOuta－I・

Numericalanalystshavedevelopedanumberofalgorithms

fororthogonalmatrices［Golub89ItPress88］言nlargepart

becauseorthogonalitylimitstheaccumulationofnumerlCal

error・Given a square－and presumably non－Singular一一

matrjx・three promislng Orthogonal decompositions ar一二

avaiJable：QR decomposition，Singular Value Decompo－

Sition（SVD），andPolarDecomposition．TheQRfactorsof。

matrix M＝QR are，reSPeCtively，OrthogonalandIower

triangular・TheSVDgivesthreefactors，M＝UKVT，WithU

and V orthogonaland K diagonaland positive・Theless

COmmOn Polar Decomposition，M＝QS，yields an or－

thogonalfactor and a symmetric positive definite factor．

Thelattertwodecompositionscanfactorslngularmatrices，

With“positive，，replacedby“non－negative”1nthefactors・

More than one algorithmlS aVailable to compute each

decomposition・The oldest andbest－known methodforQR

Decompositionis called Gram－Schmidt orthogonalization・

Each row of the matrixis consideredin turn，With each

dividedbyitsmagnitudetoglVeaunltVeCtOr，thenproJeCt－

ed onto the remainlng rOWS tO Subtract out any parallel

COmpOnentin each ofthem．A bettermethodis to accumu－

late Householder refIectlOnS，Orthogonal transformations

WhichcanzeroouttheelementsabovethediagonaL

Thereis no simple SVD algorithm・The most common

approachis first to use Householderreflections to make M

bidlagOnal，then to perform aniterationinvoIving QR

Decomposition untilthe off－diagonalentries conVerge to

ZerO・Whilethisisnumericallyreliable言tlSCOmplicatedto

COde，andbynomeanscheap．

ItisposslbletocomputeaPolarDecomposition uslngthe

resultsofSVD・SuggeStlnggreatCOSt；butasimplermethod

isavailable［Higham86］・Computetheothogonalfactorby

averaglng the matrix withitsinverse transpose until

COnVergenCe：SetQo＝M，thenQ，＋l＝1／2（Ql＋Q，‾T）until

Q山一Qi＝0・ThisisessentiallyaNewtonalgorithmforthe

Square rOOtOfI，and converges quadratically when Q，is

nearly orthogonal・Finding the Q factorofa2×2matrixis

easy．Suppose

M＝（告）；

then

Q＝M＋Sign（det（M）） （告、）・
SCaledbyafactorthatmakesthecolumnsunitvectors．

Polar Decomposition Advantages

Careis neededln Chooslng amOng the possibilities，Since

thepurposesofnumericallinearalgebraaredifferentfrom

thoseofcomputergraphics．The worstofthe threechoices

SeemStObeSVD言tisthemostexpensivetocompute，and

theorthogonalmatricesitproducesarepractlCally useless．

Amatrixwhichisalreadyapurerotatjoncanbefactoredjn

aninfinitevarletyOfwaysintothetwoorthogonalmatrices

Ofthedecomposltion，WhlChis disastrousln the contextof

matrix anlmation・Smallperturbations oftheinput matrix

Can CauSe different orthogonalfactors to be chosen，eVen

though the set ofslngular valuesis stable・Interpolating

unreliablematriceswillproduceerraticresults：COnSlderthe

followlng tWO decomposilions．

老輩　G．a。hi。SIn．。．f。。e・92
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Although both are perfectly valid decompositions言nter－

polation of the prlmitlVeS Will glVe VISible distortions
－nOt atallwhat the userexpects！Floatlng POlnlvariations

intheleast slgnificantdigltCanCauSean SVDalgorithmto

Choose the firstdecomposition forone key，and the second

forthe next．Many SVD routines orderthe slngularvalues

by magnltude，Which only exacerbates the problem・There

SeemS tO be no way to avold havlng SmalllnPut Changes

CauSelargeoutputchanges・

QR Decompositionis a much betterchoice，thoughit still

presents problems・Unlike the factors of SVD，the QR

factors can be determined unlquely，and are stable under

SmaIIperturbations．AIso，thealgorithmsforQRare simple

and efficient．The drawbackis that the orthogonalmatrix

extractedis not particularly meanlngful：itis notinde－

Pendenl Of the coordinate basis used，and so has no
“physical’’slgnificance．Thatis言fthematrix MisglVenin

arotatedanduniformlyscaledbasisM’＝BMB十coordi－

nateindependentfaetorswouldhavetheformQ’＝BQB‾l

and R′＝BRB」；but thelatteris nolonger alower

triangularmatrix，SincethatpropertylSnOtpreSerVed under

Similarlty transforms．Thisis unfortunate for animation

purposes，becauseit makes resuits muchless predictable・

Suppose，for example，MIS COnStruCted by rotatlng then

SCaling；although theQ factormightbeexpectedtocapture

the rotation，1t Will not．Only when MIS COnStruCted by

SCalingthenrotatingwillQRrecovertheoriginalfactors・

The Polar Decomposition factors are unlque，COOrdlnate

independent，and simple and efflCient tocompute・Further－

more，the orthogonal factor Qis the closest possible

Orthogonai matrix to M，a prOperty Whichis also coor－

dlnateindependent．Thatis，Q satisfies the following

FindQminimizingliQ－MII…

subjecttoQTQ－I＝0，

where the measure ofcloseness，the Frobenius matrix norm

iIQ－M竜＝∑（qlrm′′）Z

Since thisimportantClaim appearsin［Higham88］without

PTOOf，a PrOOflS glVenin the Appendix・When M has

POS高vedeterminant，QwillbeapurerotatlOn，Otherwiseit

WllllnCludeareflection．Itmightseempreferabletoexclude

reflectiOnS，butthereisnowell－definednearestrotation．For

example，eVery2－D rotationis equally distant from every

2－D reflection．（Polar DecompositIOnis applicable to

matrices of any size and shape・）A rotation has the form

（∴）・Withc2＋S2＝1，
While arenectionis

（g＿2），With

a2＋b2＝1・The sum ofthe squares ofthe differencesis

（C－a）2＋（－S－b）2＋（5－b）2＋（。＋a）2＝2（C2＋S2）＋2（a2＋b2）＝4．As

noted earlier，however，a3×3Q matrix whiehincludes a

refIection（indicated by a negatiVe determinant）can be

factoredasQ＝R（－I）．

ClosenessalsomakesPolarDecompositiongoodformatrix

renormalization．Moderate amounts of numerical noise can

beremovedinaslnglelterationoftheaveraglngalgorithm・

ThisimprovesandfomallygroundslRaible90）．

The combination of unlqueneSS and cIoseness guarantees

thatsmalllnPutperturbationswillnotproducelargeoutput

Variations・TheQfactorofPolarDecompositionappearsto

be the best possible rotation．What，then，is the S factor？

As the appendix shows言n somerotatedcoordinate syslem

Sisdiagonal－inotherwords，aSCalematrlX．This form of

SCalinglSPreSerVedthroughcoordinatechanges，andhas a

goodclaim tobeing anew prlmitive，Sけet〔ih．TheS factor

CanmOVetOtheothersideoftheQfactorwithoutchanging

form，thoughits value willchange to QTsQ．Thus Polar

Decomposition has a very physicalinterpretation．

〈∋OS

♭（董鐙；
Figure3・PhysicalViewoiPoIarDeco町議おition

One drawback of Polar Decompositionis that thereis no

explicit representation of shear．As explained earlier，

1nteraCtionis to blame；Shear wilI be factored as rotation

andstretch・IntwodimenslOnS，forexampie，aSimple shear

will factoras

H＝（告）

寸言（i2）（嵩高三
二QS，

AsFigures4and5show，theappearanceofafactoredanima－

tioncanbequitedifferentfromthatofadirectanimationfor

Shear．Nevertheless，factorization glVeS a reaSOnable result．

G．。。hi。SIn．e．f。。。・92亮鬱
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Figure4°DirectShearlnte岬Olation

Direct Stretch Animation

Although Scanbefactoredintodiagonalform，S＝UKUl、

（using a symmetric eigenValue routine［Golub　89I

lCamahan69］），aSWithSVDthefactOrizationisnotunlque．

This unavoidableindeterminacy combined wlth smali

numerical errors could cause dlfferent U’s to be chosen at

differentkeys，and the resultinglnterPOlation wouId suffel・

greatly・Fortunately，however，S matrices can be

interpolated directly，and will preserve their form anCi

meanlng・ThatlS，αiSl＋α2S2＋‥i yields a symmetric

matrix・Whichfornon－negativeα，WillalsobepositlVedef主

nite・SOitis not necessary to choose a diagonalizing

rotation U・IfsomeU diagonalizes both SlandSl Simul－

taneousiy，thenαlSl＋α2S2＝U（αlKl＋α2K2）UT，SOdirect

interpolation simplyinterpolates the scale factors，aSi

desired・Weightsαlforinterpolation willusuallylnClude

negative Values（to ensure smooth motion），SO the

interpolated S matricescanbecome slngular；but the same

thing can happen wlth pure scale matrlCeS．In both caseS；

this does not seem to be a serious problem，and can be

SOIved uslng SPline tension．

閥圏
亡妻≒

Figure6°PolarDecoIlpoSedMatrixinterpolation

Factored Stretch Animation

DiagonallZationofSasUKUTisstlllausefulalternatlVeil・

it can be stabilized across keys．（Even without sta－

bilization，aninteractive userinterface wi－icertainly deai

With stretchin factored form．）Soin this section－Which

Canbeskippedonfirstreading－WeCOnSiderthelbllowlng

0 

Figure5“tkconposedShearlnteIpDlation

PrOblem：Given two stretch matrices，Sl and S2，

1nterpOlatedin that order，how can thelr diagonalizlng

rotations，Ul and U2，be chosen to be as slmllar as

POSSible？Moreprecisely，lftherotation taklngUlintoU2

isdeslgnatedbyU12＝UITu2，1heproblemistominlmize

the absolute angle ofrotatlOn Performed by U12・Further一

more，SOthattheresultscaneasllybegeneralizedtoaseries

OfmatricesS，，1etUlbefixed・（ThenfixU2Whllemlnimiz－

ingU23，andsoon．BeginwithUo＝1．）

There are three cases，depending on how manyidentical

ValuesoccuronthediagonalK2・Whenallthreevaluesare

thesame言tispossibletosetU2＝Ul．Uniform scalinglS

COmmOnin computer graphics practice，andis easily

delectedbyinspectlOnOfS2，WhichwlllalreadybedlagOnal

WithidentlCalvalues．Whenallthreevaluesaredifferent，We

have24choices for U2・These are obtained by aliaxis

permutat10nS（6），times all axis∴Sign combinations（8），

achievable by a rotation（divide by2）．When exactly two

Valuesarethesame，Wehaveanextensionofthealldif’ferent

CaSe：free rotationis allowed around one of the axes．The

lasttwocasesaredlSCuSSedmorefullybelow・

AneasywaytomeasuretherotationU12istOCOnVertltlntO

a unlt quaternion・（［Shoemake85］introduces unit quater－

nions asarepresentationof3－D rotationanddiscusseshow

tointerpolatethem．）Itsrealcomponentiscos（0／2），Where

Ois the totalrotation angle・PICking U2tO maXimize the

quatemion’srealcomponentminimizestheangle・

Thereisaquickwaytodothismaximization・Letqbethe

quatemion corresponding to U12・The24variationscorre－

SPOndtOqP，Wherepis one of48quaternions（including

both p and rp）that map the coordinate axesinto

themselves：p＝し一口一＝1，］can be one of1000土日，

し00±1±l］′万［±早±1±1］／2・OraPermutationof．these・

TherealpartOfqplSM，qM，pTl高一y研一こ高・Whichisslmple

tomaximizebecauseoftheslmPleformofeachp・Wetake

theabsolutevaluesofthecomponentsofq，SOrtthem，and

ChoosethemaxlmumOfeitherthelargest，Orhalfthesumof

allfbur，Orl／高timesthesum。fthetw。la．gest．Thenw．

Can WOrk backwards from our choices to deduce the

COrreSPOnding p．

亮饗　G．。Phi。SIn．。．fa。e・92



263

IfexactlytwoofK2’svalues arelhesame，Wehave acon－

tlnuOuSOPtlmization・Asbefore，Wearefreetopemutethe

axes，but we have the additlOnalfreedom to rotate by any

angleintheplaneofequalscaling・Wecanarrangeforthe

equal values to be the first two，SO that a change of

coordinatesrotatlngarOundthe＝aXisleavesK2ノunChanged・

So our problemis to pick p andl’tO maXimize the real

component of qp′・，Wherepis one ofthe48quatemions

aboveandI・＝［005’・「，With〔・2両2＝1言saquatemionthat

rotates about the＝aXis．

The product Ofa quaternlOn圧y31小Iwith／一二LOOs‘●Iis

恒＋y，y‘・－＿．，。（i＋周航一可Ch。。Sing，i＝”，／立石子。nd

s二一二位千手‾maximize．stherealcomporen－to立話「

Consequently，thebestplSOnethatmaxlmlZeSM，2＋ズOnly

six valuesofp glVe eSSentially different resultS・These are

1000日，tllll」／2，1111－1］／2and each ofthese times

LlOOO］・SummingthesquaresoftheM’andニCOmPOnentS

fromtheproductofqw皿eachoftheseandsubtractlngl／2

gives±（vl，2＋ニ2－リ2），±（／r二十年y）and±（順＋yニ）．Choosethep

COrreSPOnding tO thelargest positive value，andif the

negativeslgnWaSuSed，POSt－multlplypby［1000］・

ThismethodforstabilizlngtheSdecompositionisagreedy

algorlthm・It extends partial solu110nS at eaCh stage by

finding an optlmal continuation，Wlth no backtracking・

ThereiSnOguaranteethatthisproducesaglobaloptlmum－

alocallyinferlOr Choice could possibly be warranted

becauseit allows better choICeS further on that more than

COmPenSate・However，WeCanprOVethefollow－ng：

Proposition‥Given a sequence S10f symmetric，

POSitlVedefinltematrices，nOneOfwhichhasadl－

agonaIizat10n With exactly two equalValues・the

greedyalgornhmgIVenabovepicksasequenceof
rotatIOn matrices U，thatminlmizesthe sumofthe

rotation angles between adJaCent rotations・

The proofdepends on two observations・FlrSt・the SIWith

lhree equalvalues do not affect the sum；and second，the

axis－Permutlng rOtationspformagroup・With血sinmind，

let〈），，〉bethegreedysequenceofpermutations，and〈PI〉（he

optlmalsequence・SupposenowthatsomepA≠PA・Thenthe

dISCrepenCy8＝PllpAisinthegroup，andcanpost－multi－

plyeVeryPI，i≧kwithoutincreaslngtheanglesum・ForPA

isreplacedbyp信Whichbydefin誼ono白hegreedysequence

glVeS the smaiJeslangle possible at that step；and none of

theotherangleschange，Since8－iqrlq，＋18hasthesame

angleastheoriginalqrIqI十一．So砂，〉lSaIsooptimal．

WlthdoubleValues，however，SOmegreedysequencesarenot

op白maliIn mitlgation，We POlnt Out that floating－POlnt

arithmetic standsbetWeen uSandanyreliabledetermination

ofequalityOfValues，andthattheadditionalfreedomoffered

by equalvalues only causes the greedy algorlthm to find

solutlOnS Wlth smaller total rotation．Furthermore，the

globaloptlmizationprobleminthegeneralcaselSamixed－

integer programmlng prOblem ofthe sort thatis often NP－

COmPlete．（But we make no claims as to the status ofthis

particularproblem．）

Lest this extended discussionleavelhe wronglmpreSSion，

WePOlntOutthatdiagonalizationhasnotbeen necessaryln

Our eXPerience・The animations achieved by direct S

interpolationlook as good as those using the more

elaborateprOCedure・（AIso，thecoderequiredismuchshorter

than the discussion．）Since the developer of an animation

SyStem may Choose not tointroduce our new stretch

PrlmitlVe，however，We have ofTered a reasonable

alternative．

Conclusions

WiththeassistanceofPolarDecomposition，anOn－S…gular

4×4　homogeneous matrix M can be factoredinto

meanlngfulprlmitive components，aS

M＝PTRNS，

Where Pis a simple perspective matrix，Tis a translation

matrix，RISarOtationmatrix，Nis±！，andSisasymmetric

POSitive definite stretch matrix．The stretch matrix can

opt－Onally be factored，though not unlquely，aS UKUT，

WhereUisarotationmatrlXandKisdiagonalandpositive．

For a4×3　affine matrix the perspective factor can be

dropped；andfora3×31inearmatrix，SOCan thetranslation．

AIso，NcanbemultlpliedintoSifdesired．

PolarDecompositionproducesfactorsQSwhichareunique，

COOrdinatelndependent，and both simple and efficient to

COmpute・The factors have aphysical，VISualinterpretation

notfound with otherdecomposit10nmethods．The PTRNS

decompositiOnisusefulforavarietyofpurposes言ncluding

matrix animation andinleractiveinterfaces．It has the minor

disadVantagethatitdoesnotdirectlyrepresent shear．
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Appendix

Theorem：ThePolarDecomposit10nfactorQistheclosest

possible orthogonalmatrlX tO M，With closeness measured

using the Frobenius matrix norm．Thatis，Q satisfies the

following conditlOnS．

FindQminimizlngiIQ－M壷

subjecttoQTQ－I＝0，

iIQ－M高二∑（q，rm，，）2

Proof：Though expressedin matrix terms，the proof

SimplyrequlreSflndingtheminimumofaquadraticfunction，
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Which welearned tO doin calculus by finding w宜ere the

derivativeiszero．Wecanexpress‖MIf。Sthed，ag。nal

Sum－the trace－Of MTM・andincorporate theorthogo－

nallty COnStraint as alinear term using a symmetrlC

LagrangemultlPliermatrixY・So，aSthereadercanverify，

We Can differentiate

tracel（Q－M）T（Q－M）＋（QTQ－I）Yl

WithrespecttOQandequatetOZerOtOObtaln

2（0－M）＋2QY＝O

Which simplifies to

Q（I＋Y）＝M．

ThusMwillbefactoredasourdesiredQtimesasymmetric
S＝I＋Y．

M＝QS．

ThisfactorizationisthePolarDecompositionofM．Touse

itweneed10SOIveforSintemsofM．SinceQTQ＝！，We

must have

（MS」）T（MS」）＝！．

AsymmetricShasasymmetricinverse，SOthlSS－mPlifies

S－lMTMS－i＝！，

and・flnalIylo

S2＝MTM．

Now，MTMISguaranteed，Obe symmetricandpositlVe

definite（OrSem主deriniteifMISSingular），andsotherelSa

Similarlty transform that makes MTM diagonal，Wlth

positive（0r ZerO）realentries・This giVeS the Spectral

DecomposltionofS2．

S2：UKUT；U∵申出

Takingeitherthe posltlVe Ornegative square root ofeach

diagonalelementofK，WeObtaIneightcandidatesforS，

However，f’0r Q to be a mlnlmal solutIOn，（he second

derivatiVe・2（I＋Y）＝2S・Ofourfunctionmustbepositive

definite・Which means only the positive square rootS are

allowed，andsoSisunlquelydetermined・ForanyMwhich

isnon－Singular，Qisalsouniquelydetermined．
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