Chop 5. Ergenvalues cmd Ergenvectors
T , G ‘
L= br#‘rwimc&?d’"n ( Al) mehvices orve now §%u ave.)
Ax= AX for some X% 0
Ex: (Thieeal Value Problem 2 ODE )
{g—_&"tz 40—, = ab £=0

AW = on—3w,  w=6T ok =0

wr=["0] wos[2] A=[4

Madrix . %{%:AM with U=wlo) of £=p

Form
[ Stgle eqpation » Q= au with u=u(e) wf“+=o*]
Purely Wn&faﬂ colwtton s U= U .

A= oAF
> {Wﬁ‘“ et o e = X T vechr
W = etz — notettom

Leol *fv*r pure »eA;Paﬂe/rrEﬂa/Q <oburttons >

APy = 4 My — M2 |
reMz = My —3M2 > ? “’"”"”jff”?
Eigenvalue {ug&~§§:A«6L ) €
Preblem 2y —32 = A
"Er@@mm@vw E%Mar&'fm: A%c AX 7»' <ome X[

TThe Solutims of AX=AX
(A-AT)X= 0 for some X+




[A] A® ergf/”Vﬂ&lwe of A < A-AT Ts §’Fﬂé¢‘ul/@v
det ( A=AT)=0 - -the characteristic eélwﬂrl:z‘am
Each N T8 asseciated with ?(d@ﬂb/(’c‘f'v‘fé' X 3
(A-AT)X=0 ov AX=AX .

Exs Clomtinuedd A xT= [LL)\ ]
==X

[A-AI|= A =A-2 = (A+D)(A—2)=0
SCA=—) ooy R

O (anw= |2 1[40 ]2 %]
ON=2: (paz)x= [ 2 TS 4)[5]o%= 5]
Pure exponential obutwms o dufdt=Ao:

Uty = eNtx = €+ [H > specie solutoms
up = M= [ 5

) [ - \i&
lete Solukim ¢ UEP= 0K+ a8 X
Toitial Soluttm 3 CAO) = %) F Gada OV

[' 5] ?‘]:I ]5 =3, (=

._W)e gam«tm\ ~to 'H)e ormma& e(fu(&rtum )

U= 3¢+ | ! ]+ a3

Wi‘rﬁm\g +he Hwe wmpmew% Sefmfm{'ely ,
<o lurlion - i/vﬁ) yeFr et | wlo)=¢
o Wi = 3&t+ae* , wp=¢



Summary and Exawples
Ex | CP?‘ag&ﬂa‘? Mectyix )

A= [i C;] = M=3 , %= [:)]‘,‘ A= 2, *;':[?]
&2 (Pogection Merbix ) S A=] ov 0
p=[337> rnx= (] a0, v 1]

We howe A=1 whem X Pmdtécrk 4o 'i‘f'éef'f , and
AN=0 When X P‘mdie«:%f; 4o the 2ex> vector.
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o000 .

= [(9 voo | Bas A=1,1,0,0
O 00 |

Ex 3 (‘Wrawgnlm Moctrix )

| i-=A ¢ &
det (A-AT)= | o 22 ¢ |=RNGEAEH
o o Lt-A

0 . The Gowssian «fac{7¢~rfgﬂ~eam A=LU & not siitted to
the purpose of “ple i s A Crmaiiesd

0. The e%wnumlue problem = compurtetionadly more chficul-+
than Ax=Ip .

o Normally , +he piwts, ci{?\fd»purmﬁ entries, and egm vialves
ove a»wp\efe f drfferent. But 2

5B The sum vf"Pne n eaenvalues eauals the sum of
. 7 /
-the i o(mgmmp etries s
Trace 0{' A= At tAn= ayt -t ann,
__The procluet vf the n eigen values Qoﬂxaﬁs the plet(H).



5.2 D’fmgﬂwj f2ation of a Metvix

“The e‘rﬁm vectors ol Fagwa@ [2€ a inetyix .

[cC] §u~)opogc the nxin matrix A has n Lin. nv(iep., 6@&5)%&0@
Tf these eTgenvectors are the columns of amectrix S, then
CTAS s a dmﬁena@ mechix /\. The e?gamw«lwa; of A awe
On the dmﬁowﬁ of N 2 oy 0

Dingmalization STAY= A= S
J / ( O " An
“the engfm/ec*&)Y' W\odLfo ‘f’%e eTg@m\mlwe imatrTk
< Prbo-f >

. A ;
b K‘Xl“‘ XV"H: ]
An

AS=SA, STAF=A, ASSAST |
( €12 mvertible simce s columus owe Lan. Mﬁp«v\d(wﬁl

Remanles -

@q A hag no ‘répecr'hw( ec“\d@@r\uwlue |, then the Q?&ﬁfv\\)ﬁ{ﬂ\’g
oe custoimationlly Pndepevclent. (See €D below.)

Gny mecbrix With oltstinet e‘&‘gem‘m\uee Cam be dmngﬁ%ed i

@Tﬁe d‘mﬁdﬂa@ f%r?rkg o Sz net umﬂpue .

8 Other matrices S will hot preciice o dra(g}zmxﬁ A
Suppese y e +he fivat coluwn of §'. Then AY Ts
+he ‘f?/rz;{' coluin vf S\ § whtch T Ay (Hhe "][’FYS”('
column of ASY. Then Y must be an e%ewwc%o\r:

wﬁ,&ﬁ\/’-‘/\;\/ . The ¢vpder of the e’iﬁ‘emvec'bowg of $ard
“Hﬁe eiﬁ.&mv’ames P I\ Te +he same.




Remank b Not all mectyices possess i Jon nclep. efgen vects,
sonct all madvices ave O‘Ta((jicnﬁf f2able . O example 75

A< 2] > det(arT)= ] ’f_',\]':*:@ > A=A=0,

All eigenvectors of A ave mutEiples of (1.0)

1Y 1?7 = [ €

0 o][?]“ [o] 7 X [0]
N=0 Ts a double e'fnga/ ue — T algebm?c e HTpi'fc?ﬁ/ Ts 2.
Burt the ?e&mefﬂ’fc mukﬁpl r‘c’i—iy 7% cm/y | — there Ts Lm%l one.
Fndefema?m% e?gemvectw, We_can'€ construet S

i Ctherwise, stnce A= Ax=0, A Shouled bethe 2en matriy,
Put, of A= STAS=0, then A= SAST=0#_I

“The fﬂ\ﬂwre C,f dTa‘d’on@() T%@Eff@ﬂ ame frpm Xi= Az,
Exr 31 ey~ - AR ) =
A‘ [& 3—]‘27)“")\;{‘? ) A"[’ D]% )\:“ :2"”.

These medices oe et s?mamla v. But the problem Ts

“+he S[ﬂOY‘f'ZLCﬁle, o]c e'(‘ggm vectovs — whteh awe needen -f‘mS 3
Nc‘f'e \

. Df‘agaml T2abil ?—b«/ of A dép@m‘g N éfﬂouﬁ‘«[a .ef(gg/n vecte .
o Tnvertibility of A depends on powzere eigenvalies .

DTaawnap t2ection com il only Tf there are repected
etgenvaluies . Euenthen, Tt oloes inot adlways fail . A=T has
mpee\“f?é Q%‘LMWOIMFS L), =, ), but T 15 already dTﬂfmmﬂf



»‘ FTUT am e.gewa(ue that T5 repected p times, we need'to(,WzK
whether there ave p mdqymdm{' eigenvectove —Te, Whether

A-AT fas rank np. To Ca.mp)e(‘-e ok evcle of Iofeos )
we have-to show thek distmet efgenvalues present ho problem .
[cp]
I e‘cf&emuec{ms X), =, Xy Correspimd fo different etgemmluej
r{\o, , Ma, thein those erafmvecﬁmgme Q’mem[y mkependeant .
o
Suppose G %t G¥a= 0, ACK+eH) = A TEARTO.
3 0 AAD X, = AN G AR AL (034 0¥ )= O
Swce M¥Mra and X% 0, we have ¢;=0
ard STmilay é‘/v& Ca=20 .
Py Tducttm, we can extend thts ongument
to omy nuawber of etgenvectors . A

E_Y/Jleeé of D Nﬂl?ﬁﬁm
RS R
23 [0 2 ] qo° rotactton = det (CAT) = =0 A=
o4 e [+ )
o e [ [0 %o
<[] o k5= 1]

}' -
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POM@/% and Produets - A& and AR

The eTgenvkﬂiues of A* are exactly R A, and
evexy eigen vectox of A Ts also an ei‘g:efn veetow of AT
By squanng STAS, we have 37AYS = STASSTAS =K.
The mechvix A Ts diogoralieed by the <ame €, so
the etgenvectors ¢ nehanged . The eigenvalues mﬂd“
EE] 3 ectovs are wne 4 j
“The (c’Tgmuzx’ vwes of AR are NE, - ,)\f\l , and eachy e‘T?&ﬂw ety
of A 75 still an eigenvector of AR (Ohen S dm?{*»"md} izes A,
e dagevalizec AR -

AR= (STAS)(STAS) - (STAS) = STARS
H A Ts mvertible, thts mmle olso applies to its Muerse (=)
The e?gefn values O\L A are az,
e T Ax=Ax, then ¥= A% and Ax=Alx. |

2 §be totocttom

B3 e L’: wp‘] S K= [’;' f"j ad K= C_fé

N g N — - " 2 .1__‘ P, ‘J_":._'“ _L'= -
)\l——kl)\a_,.—}’ ) /\ICQ‘)AR— ') )\‘ IL) A= ’Le

=[0G Tamd R8=[ Gy ]=L25

°. Fo> a Pmc{/w‘% of two mubrices | the Efgéfhvodufs of AR
hawe no 8@06? omswer. The egenvalues of ABard AR
hawe hothng o do coith AR oma N+ M, where X and Jave
[’{‘*‘B?‘: Ant=phxke U _SHepi AR
(ABRYX = (MK Since Aand B ey not Share the 2ame

Ligenvecty .
C%M/»ﬂ{'@’f . AB“ [O i 0 O] o~
gwmp'\e ’ - o\z’; (017 Lo o] D N A=
J
_ But, both Aond B have 26w egenvalue .




[SH D?Za?onz»ﬁfzcable mochtces share the same etgonvector
mathix » < AR=BA
<pief >
) T the same S dmagonalizes both A= SAS anel B=SAS
AB= SASTSAST = SAAST and
BA= SASSAST = SAAST
Stnce A A= AA (O\Ta?ona‘ﬁ merbrices always commurte ),
we hove AR=RA.
&) Suppose AB=RA. S"Mr&ﬁﬁﬁom Ax =¥, we howe
ARX = BAx=RBAXx = XBX .
Thus % amd BX are both etgenveetors of A, shonag.
+he same X (or else Bx=0) .
;E]e we ossume *fm’ eonventenice thed —the e'{ﬁey\ualufs cffA
ave distinct — -the e(‘gemfgfmceg ove all Mme—drmevsonal—
then By must be amuttrple of . In other words, % s
an eigenvector of B as wellao A .
The proof- with repested egenvalues o littde longer.

( ~5:D€Cf‘)”afz W)eprzmm)
Ev«yry real S‘ymlrje’fﬁc merix A can be d m&?om/ 2ed
b)’ an thoéwnﬂk mwatrix Q Ge @0=TI , Q=&

T'AQ=/\ o A= QAQT
The cofumns 07‘ A eontzam m%wmmfz eff‘ﬁ@n wetys «f A,
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