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Abstract may form a non-convex object (see Figure 1).

_ _ _ _ The slope-monotonicity of these simple curves allows
We present an algorithm for computing Minkowski sums our algorithm to work much like a Minkowski sum algo-
among surfaces of revolution and surfaces of linear extru- rithm for convex objects. Moreover, surfaces of revolution
sion, generated by slope-monotone closed curves. The speand surfaces of linear extrusion &-dimensional, and not
cial structure of these simple surfaces allows the process offy||-blown three-dimensional surfaces. An important ad-
normal matching between two surfaces to be expressed agantage of these simple surfaces is the simplicity of their
an eXpIICIt equation. Based on this InS|ght, we also presentGauss maps, which makes normal matching quite Straight-
an efficient algorithm for computing the distance between forward. Once the normal matching has been done, the
two simple surfaces, even though they may in general beminkowski sum can quite easily be computed as the vector

non-convex. Using an experimental implementation, the sums of pairs of points, one on each surface, that correspond
distance between two surfaces of revolution was computedg the same normals.

inless than 0.5 msec on average. The main contribution of this paper is the derivations of

explicit formulas for matching the normals of two simple

surfaces. These formulas can also be used to generate all
1 Introduction points where a surface has a given outward normal direc-
tion. Based on this simple method, we have developed an
efficient algorithm for computing the distance between two

Computing the Minkowski sum of two objects is closely ‘ ¢ luti Not in that th ¢
related to computing the Euclidean distance between thempUrtaces ot revoiution. Note again that these surfaces are

and hence to detecting collisions [3, 8, 20, 21]. Previous hon-convex in general.

work has mainly focused on computing (or utilizing the ~ Previous Minkowski sum algorithms deal with non-
structure of) the Minkowski sum of (i) two convex free- convex objects by decomposing them into convex pieces [9,
form objects [2, 8, 16], (i) two polygonal/polyhedral ob- 15, 18, 19]. Many real-world objects can be fully or in large
jects [3, 5, 6, 7, 10, 18, 20, 21, 22], or (iii) two planar Part modeled using surfaces of revolution and surfaces of
free-form objects [1, 12, 16, 17] Itis a very Compnca_ted linear extrusion. Consequently, our algorithm has a great
task to Compute and represent the more genera| Minkowskideal of potential for real-time collision detection (and hence
sum of two non-convex three-dimensional free-form ob- avoidance) among non-convex three-dimensional objects in

jects. Thus it is worthwhile to consider special cases where€veryday use. In an experimental result shown in Figure 14,
the Minkowski sum can be computed relatively easily. the distance between the objects at each snapshot was com-
In this paper, we present an efficient algorithm for com- puted in less than 0.5 msec on average, which compares
puting the Minkowski sum of two simple surfaces—by quite fa_vorably with previous results [9, 13, 15] for less gen-
which we mean surfaces of revolution and surfaces of linear€ral objects.
extrusion generated by slope-monotone closed curves (i.e. The rest of this paper is organized as follows. In Sec-
curves of continually increasing or continually decreasing tion 2, we review some preliminary material. Sections 3-5
slope). Note that a convex region in a plane is bounded byconsider the Minkowski sum of surfaces of revolution and
a slope-monotone closed curve; but the latter does not al-surfaces of linear extrusion. In Section 6, we present an al-
ways bound a convex region. In general, a slope-monotonegorithm for computing the distance between two surfaces of
closed curve bounds a set of convex regions; but their unionrevolution. Finally, Section 7 concludes this paper.



2 Preliminaries , z

We will briefly review slope-monotone closed curves, the y
surfaces of revolution generated by these curves, and their y

Minkowski sum. Formal definitions in this area [14, 23] are

rather tedious and we take an informal approach.

The slope-monotone closed curve shown in Figure 1(a)
represents the union of three circular regions, while that in
Figure 1(b) represents the union of three elliptic regions.
While tracing along a curve counterclockwise, the region
immediately to the left of the curve will be in the interior of
the object. The triangular region at the center of Figure 1(b)
is not in the interior since this region is always (locally) to
the right of the curve.

The slope-monotone closed curve of Figure 1(a) has four
local minimum points. For any fixed direction, there are al-
ways four locations where the curve has its outward normal
in that direction. This number is called thgcleof a slope-
monotone closed curve. Thus the curve in Figure 1(a) has
cycle 4, even though this curve represents a union of three
convex regions. The curve in Figure 1(b) has cycle 5.

Figure 2. Two slope-monotone closed curves
and their surfaces of revolution.

tion N. By matching these points and taking their vector
sums, we generaték; ko points; as we change the normal
direction N smoothly they in turn generate surface patches.
These comprise the Minkowski sum surface, which bounds
(@ (b) the volumetric Minkowski sum; @ Vs of two solids V3
and V5, where each/; is the volume bounded by;, and
VieVe ={vi+vy]|v; €V;},i=12 (SeeKimand
Sugihara [14] for more details.)

Depending on the way in which solid objects are being
represented (e.g. as boundary models), a global trimming
procedure may be needed to complete the construction, by

When we rotate a slope-monotone closed curve about€liminating the redundant parts of the Minkowski sum sur-
a fixed axis, we obtain a surface of revolution (see Fig- face that belong to the interior of the Minkowski sum [17].
ure 2). (We will assume that the curve is not symmetric Although trimming is a non-trivial task, we ignore the de-
about this axis.) Because of the symmetry of the resulting [&ilS in this paper. Depending on the application, it is often
surface shape about its axis of rotation, therezirgoints  Sufficient to do trimming locally, indirectly, or only approx-

where the surface has its outward normal pointing in a fixed Imately. In the following sections, the Minkowski sum of
direction N, wherek is the cycle of the generating curve. two surfaces means the whole of the Minkowski sum sur-

(We will assume that the directiaN is not parallel or anti- ~ 'ace generated by the vector sums of surface points corre-

parallel to the axis of rotation.) In Figure 2(a), the curve has SPonding to the same surface normals.

cycle 1; thus the surfacé; in Figure 2(c) has two points

where the surface has its outward normal in a fixed direc-3  Two Surfaces of Revolution

tion N # (0,0, 1). Similarly, the surface; of Figure 2(d)

has four points where the surface has its outward normal inWe now present an algorithm for computing the Minkowski

a fixed direction. sum of two surfaces of revolution generated by slope-
Given two surfaces of revolution, generated by slope- monotone closed curves. This result is an extension of Kim

monotone curves of cyclg;, ¢ = 1,2, each surface has and Sugihara [14], where the Minkowski sum was com-

2k; points where its outward normal is in a given direc- puted for two axis-parallel surfaces of revolution.

Figure 1. Slope-monotone closed curves
(drawn in bold) representing unions of con-
vex regions.



3.1 Normal Vectors

Two slope-monotone closed curv€s andC, are defined

in theyz-plane as follows:

C1(s) = (0,91(8), 21(s)), Ca(t) = (0,y2(t), 22(2))-

An axis! is contained in thegyz-plane and makes an angle
o with the z-axis. LetS; denote the surface generated by
rotating the curve’; about thez-axis; and letS; denote

another surface generated by rotatirigabout the axig:

S1(0,s) = (—yi(s)sinb, yi(s) cos b, z1(s)),
Sa(1,t) = (—y2(t) sin ), Yo (t) cos 1 cos ¢ + z2(t) sin ¢,
(1) cos b sin o + 5(1) cosp),

where

P2(t) = ya(t) cosp — z2(t) sin ¢,

Z2(t) = ya(t) sinp + 25(t) cos p,

for all 6, v, s, andt (see Figure 2). Note that the parame-
terization ofS3 (¢, t) can be obtained in three steps: (i) ro-
tateC»(t) through an angle about thez-axis and call the

resulting curveCs () = (0, 7a(t), Z2(t)), (i) rotate Cy(t)

through an angle) about thez-axis, and (iii) rotate the re-
sulting surface of revolution through an angle about the

x-axis.
From the partial derivatives of; (6, s),
= (ni(s)cost, ~y(s)sind.0),
O (hh(s)sin by} () cost, 4 (5)),
we can compute the normal vector$f(6, s) as
051 05

90 X s y1(s)(—z1(s)sind, 21 (s) cos O, —y(s)).

Similarly, from the partial derivatives

%—f}? = (—ya2(t) cos i, —7a(t) sin 1 cos p,

Ya(t) sin sin ),
052 =~ : =~ P~ :
O (Cah(sin, Ghl1) cos o+ B(D)sin g,

~h(t) cossin g + Zh(t) cos ),
we can compute the normal vector®f(v, t) as

05, 0%

oY ot

Go(0) (—=4(0) sin, 25(1) cos b cos p — (1) sin
— U (t) cos p — Zh(t) cos 1 sin ). 1)

Note that, when(' (s) passes through the-axis (and
thusy, (s) changes its sign), the normal vector changes its
direction. Moreover, wheny;(s) = 0, the normal vec-
tor vanishes. Thus we define an outward normal vector
N1(6, 5) by deleting the terng; (s), to obtain:

N1(0,5) = (—z1(s)sin 0, 21 (s) cos 0, —y} (s)).

Let N, (6, s) denote the unit outward normal vector of
S1(0, s). It can be formulated as:

(=21 (s)sinb, z{(s) cos 8, —y(s))
y1(s)? + 21 (s)?

N1(9,3) =

We can repeat this procedure for the other surfage), ¢).
In this case the axigplays a similar role to that of the-
axis in the discussion above, and (v, t) denotes the unit
outward normal vector afs (¢, t).

3.2 Matching Normal Vectors

To move nearer to computing the Minkowski sum, we now
need to find all pairs of matching normal vectorsSafand
So. That is, givery ands, we need to compute the parame-
tersey andt that satisfy the following relation:

Nl(evs) = N2(’L/)7t)'

This procedure involves computation of the Gauss maps of
S1 andSs, which is relatively easy because the surfaces we
are dealing with are generated by slope-monotone closed
curves. For each, the normal vectorv; (6, s), (0 < 6 <
27), generate a circle on the Gauss sphere. Similarly, for
eacht, the normal vector®V, (v, t), (0 < ¢ < 27), gener-
ate another circle on the Gauss sphere (see Figure 3).

Figure 3. Circles on the Gauss sphere: (a)
circles generated by N;(6,s), and (b) circles
generated by Ny (v, t).

Given# ands, we now consider how to compute the pa-
rametersy) and¢ that satisfyN; (6, s) = Na(¢,t). Note



Figure 4. Matching normal vectors.

that N2 (0, t) is located on thez-plane, andV(w, t) is ob-
tained by rotatingV, (0, t) about the axi$ by angley. Thus
we have

NQ(O,t) = Rl(_’(/))N2(wat)
= Rl(_¢)N1(973)7 (2)

where R; () represents the rotation about akiby angle

(G

The normal vectorN,(0,¢) is computed using Equa-
tion (2):

N3(0,t) = Ri(=¢)N1(0, )
1
= 3
y1(s)? + 21(s)? ©
—24(s)(sin 6 cos 1 — cos 0 cos p sin )+
Y1 (s) sin psin

z1(s)(sin 8 sin ¢ cos p+
cos 0 cos? p cos1p + cos fsin® @)+
Y1 (8)(sin ¢ cos ¢ cos ¥ — sin ¢ cos )

—21(s) sin @ sin ¢ sin p—
21(8) cos B(sin ¢ cos ¢ cos 1h — cos p sin @) —
Y1 (s)(sin? p cos ¥ + cos? p)

Since N»(0,t) is contained in theyz-plane, its -

component is equal to zero. Consequently, we have the fol-

lowing equation:

—21(8)(sin @ cos 1) — cos 6 cos psin 1)

+y(s)sinpsinty = 0,
which produces

LN
tan g = z1(s)sin@

. (4
Y1 (s)sing + 2z (s) cos B cos ¢ “)

Whencosvy =~ 0, we can derivecot ¢ instead oftan .
Given # and s, the angleyy = (0, s) is computed as a
function of ¢ and s from Equation (4); and we are able to
find the other parameter = ¢(6,s) and the curve point
C5(t), using Equation (3). There are two solutions to Equa-
tion (4) in the rang€0, 2|: ¥, andy;, = ¢, +7. Moreover,

for a fixedy = 1, or ¢ = vy, there arek, different val-
ues oft that produce the same unit normal veclér(v, t),
wherek; is the cycle ofCs(t). This means that there are
2k, different pairs(v, t) that produce the sam®s (1, t),
wherey = 1, or ¢ = 1. A similar argument applies
to NV1(0,s). Consequently, we hav ko pairs of match-
ing normal vectors for each normal direction, except those
parallel or anti-parallel to the rotational axes$fand.Ss.

3.3 Computing the Minkowski Sum

Let N3(0,t,(0, s)) be the normal vector computed in Equa-
tion (3) using the angle), (0, s); and let N2(0,¢,(9, s))
be the normal vector computed from the anglgé, s) =
¥q(0,s) + 7. Then, from the following normal matching
conditions

Nl(evs) = NQ(wa(evS)ata(aS))v
N1(0,5) = Na(vp(0, 5), (0, 9)),

we can define two partial Minkowski sums as follows:

(S1 @ 52)a(0,8) = S1(0,8) + S2(va(6,5),ta(0, 3)),
(Sl D SQ)b(HvS) = 51(9,8) + 52(1/117(973)’“7(973))7

for all 8 ands. The Minkowski sum of5; (6, s) andSs (v, t)
is then defined as the union of these two surfaces,

(518 82)(0,5) = (51 @ S2)a(0,5) U (S1 @ S52)6(0, ),

for all 8 ands.

Let R(S;), ¢ = 1,2, denote the three-dimensional vol-
ume which is enclosed by the surfage When the axes of
rotation are non-parallel, the three-dimensional volumetric
Minkowski sum is given as

R(S1) ® R(S2)
{Pp1+p2|pP1 €R(S1), P2 € R(S2)}
= R((S1® 52)a) U R((S1 © S2)sp)-

(If the two axes are parallel, there will be some extra vol-
umes to consider; see Kim and Sugihara [14] for more de-
tails and some examples.) Figure 5 shows two surfaces of
revolution generated by slope-monotone closed curves. Fig-
ure 6 shows their partial Minkowski sums. Figure 7 shows
two tori and their partial Minkowski sums.



() (d)

Figure 7. Two tori and their partial Minkowski
sums.

Figure 5. Two slope-monotone closed curves

nd their surf f revolution.
and their surfaces of revolutio 4.1 Normal Vectors

Two slope-monotone closed curves are now defined in the
xy-plane as:

Cl(s) = (1‘1(8),(7;1(8),0), 02(t) = (.I?Q(t),yg(t),()).

A fixed directionl; = (a1,0,¢1) is given on thexz-plane
and another directioly = (a2, b, c2) is chosen arbitrarily.
We define two surfaces of linear extrusion as follows:

Sl(u,s) = 01(8) +u11
= (l’l(S) + uay, yl(s)) UC1),
(@) (b) Sa(v,t) = Cat) +vly
= (x2(t) + vag, y2(t) + vba, vea).
surfaces of revolution. as
87;:(1'/1(5)’#1(5)30)7 % :(alaoacl)7
058
S = @(0).55(1),0). 52 = (a2, by, c2),
4 Two Surfaces of Linear Extrusion we can compute the unit outward normal vectdfs and
N>, as follows:
Ni(u,s) = Ni(u,s)/[Ni(u, )],
We now move on to consider the Minkowski sum of two No(v,t) = Na(v,t)/||Na(v,t)],

surfaces of linear extrusion, again generated by slope-

monotone closed curves. The outward unit normals of aWhere

surface of linear extrusion are orthogonal to the direction ¥, (u, s) = (c1y!(s), 1 (s), —ary)s ().

of extrusion and thus they form a great circle on the Gauss No(0,8) = (canh(£), —cowth (£), boy (£) — asyh(t))

sphere. Consequently, the Minkowski sum is relatively 2\ €242(t), mC2a (), D2t @2924)):

easy to construct: again, normal matching is done by Figure 8 shows the images 8f; (u, s) and Na (v, ) which

intersecting the two great circles on the Gauss sphere. generate great circles on the Gauss sphere. Note that each
circle is also contained in the plane orthogonal to the extru-
sion directionl;.



5 A Surface of Revolution and a Surface of
Linear Extrusion

In this section, we consider the Minkowski sum of a surface
of revolution and a surface of linear extrusion, where the
surfaces are generated by slope-monotone closed curves.

5.1 Normal Vectors

Two generating curves are defined as follows:

C1(s) = (0,51(5), 21(5)), C2(t) = (w2(t), y2(1), 0).
Then the surface of revolutiof, may be parameterized as

/ ‘

\

Figure 8. Gauss images of the surfaces of lin- S1(0,s) = (—y1(s)sinb, y1(s) cos b, z1(s)),

ear extrusion. . .
and the surface of linear extrusiéh is given as

Sa(u,t) = Co(t) + ul = (x2(t) + ua, y2(t) + ub, uc),

4.2 Matching Normal Vectors wherel = (a, b, ¢) is a direction vector. Their unit outward

_ _ _ _ normal vectors are
In Figure 8, two great circles intersect at two antipodal

points. When the extrusion directions are not parallel, the  N;(6,5) =
two surfaces of linear extrusion have matching normal vec- y1(s)? + 21(s)?
tors only at the directionsl; x 1. On the other hand, when No(u,t) = No(u,t)/||Na(u,t)],

the directions are parallel, the problem essentially reduces

to a planar case, which can be solved using the technique of'here

(=21 (s)sinf, z1(s) cos 0, —y}(s))

i

Sugihara etal. [23]. Na(u,t) = (cyy(t), —cxy(t), brh(t) — ayy(t)).
4.3 Computing the Minkowski Sum 5.2 Matching Normal Vectors
Let V.. denote two unit normal directions defined as Givenu andt, we consider how to compute the parameters
1 x 1 6 and s so that the two unit normal vectors; (0, s) and
Ny = I < L]’ N (u,t) are matched. We can deduce the normal vector
1 2

N, (0, s) by rotating Ny (6, s) through an angle-6 about
For the directionV,, there arek k- pairs of curve points  thez-axis. Thus, we have
(Ci(si+), Ca(t;+)) where the surfaces; and S, have N1 (0,5) = R.(—0)N:1 (6, 5)

N, as the unit outward normal vector, for= 1,..., kq,
andj = 1,..., k.. (Recall thatk; is the cycle of a slope- = R.(—0)N2(u,t)
monotone closed curwg;.) Analogous arguments apply to = (cyh(t) cos O — cah(t)sin @, —cys(t)sin 6
the direction/V_. ! . ! !

Let N, denote the projection a¥.. onto thezy-plane. ey (t) cos b, bas(t) = aga (t)). ©)
Then the curve?; (s) hasN , as its outward normal vector Figure 9 shows the Gauss maps of these two sur-
at eachs = s; ;; and similarly the curve; (s) hasN _ faces overlayed on the same Gauss sphere. Since-the

as its outward normal vector at eagh= s; _. Analogous ~ component ofV; (0, s) is equal to zero, we deduce that
arguments apply to the other cug(¢) and the parameters

et tand = yj (1) /a5 2). (6)
The Minkowski sum ofS; and Sy consists of2k; ko Whencos 6 ~ 0, we can useot 6 instead oftan 6. Givenu

planes, each of which is orthogonal Ip x 1, and con- andt, the angled = 0(u, t) is computed as a function af

tains one of the points™ (s; +) + Ca(t;+) or Ci(s;,—) + andt from Equation (6); and we are able to find the corre-

Co(tj—), fori =1,...,k,andj = 1,...,ky. Here we sponding value of = s(u, t) from Equation (5). Note that
consider surfaces of linear extrusion, which are infinitely there ar&k; k, pairs of matching normal vectors, excluding
extended. The case of truncated surfaces is more involvedthe directions parallel or anti-parallel to the axis of rotation
to save space, we omit this more general case. or the direction of extrusion.



Figure 9. Two Gauss maps overlayed.

5.3 Computing the Minkowski Sum

The Minkowski sum ofS; (6, s) and S»(u,t) can be con-
structed as a union of partial Minkowski sums. From the
relation

Nl(Qi(u,t)7si(u,t)) = Ng(u,t), 1= ]., ...,2]?317

we can define partial Minkowski sums as follows:

(Sl > Sz)i(u7 t) = 51(91(u, t), si(u, t)) + 52(U7 t),

for all w and¢, andi =1, ..., 2k;.

Figure 10 shows a surface of revolution and a surface of
linear extrusion. Note that the surface of revolution is gener-
ated by a slope-monotone curve of cycle 1. Thus two partial
Minkowski sums are generated, as shown in Figure 11.

6 Computing Distance

The Minkowski sum can be used in computing the distance
between two surfaces. Given two surfacgsand Ss, we
may assume that the distance betwSe@andS: is realized

at two surface (interior) poings; € S; andps € S2. Then
p1—p2 is the closest point from the origin to the Minkowski
sumsS; @ (—Ss3). Consider a ball of radiugp; — p2||, with

its center at the origin; this ball will touch the Minkowski
sumS; @ (—S2) tangentially app; — po.

Let N, (p;) denote the unit outward normal vector &f
atp;,i = 1,2. ThenN;(p;) is the same as the unit outward
normal vector ofS; @ (—S2) atp; — p2, whereasVs(ps)
is anti-parallel toN,(p1). Moreover, the direction vector
p1 — p2 is parallel toN,(p2) and anti-parallel taV; (p;).

Normal matching betweef; and—.S; is a first step in
computing the distandip; — p2|| between the two surfaces
S1 andS,. In the next step, we need to check whether the
direction vectop; — ps is parallel toN (p2); if not, some

(b) S (u, t)

Figure 10. A surface of revolution and a sur-
face of linear extrusion.

(@) (51 @ S2)1(u, 1)

(b) (S1 @ S2)2(u,t)

Figure 11. The Minkowski sum of a surface of
revolution and a surface of linear extrusion.

other pair(p1, p2) of points should be tested. Once all these
conditions have been met, we have finally to make sure that
the two pointsp; andp, are really the closest points (i.e.
that there are no other closer points).

We could perform normal matching for a coverage of
points across the whole of each surface; but this is unneces-
sary, since we are only trying to find the two closest points.
Starting with a good initial guess, the search can be car-
ried out quite efficiently using an iterative procedure. And
the explicit normal matching formula further simplifies this
procedure.

We will now describe a heuristic algorithm for finding
the closest points between two surfaces of revolution. First
of all, we guess a unit normal directianwhich, we hope,
is nearly parallel tqgp; — p>. There arek; points onS;
where the surface has as its outward normal direction.
Similarly, there ar@k, points onS, where the surface has
—n as its outward normal direction. Among; ko pairs of
these points, we select the p&js;, p2) with the smallest
distancd|p; — p2|| between them.

If the direction ofp; — p2 is indeed parallel ta, we



are done. Otherwise, we have to modify the normal di-  Using this simple technique to reduce the size of the
rectionn so as to improve the approximation to the clos- search region at each iteration, we can find a candidate pair
est pointsp; andp.. The slope-monotonicity of our gen-  of closest points on each surface. To make sure that this
erating curve greatly simplifies this search procedure. Letdistance is really the global minimum distance between the
p = (p1 — p2)/|lp1 — pP2||, and consider the Gauss maps of two surfaces, we can cheek; points onS;, at which the

the two surfaces$; and—.S,. Figure 12(a) shows a region surface haa as its outward normal direction. If there is any
determined by two pointa andp on the Gauss sphere of point among thesgk; that is closer to the other surfae

the surfaces,; Figure 12(b) shows a similar region for the than the candidatp,, we replacep; by the point closest to
other surface-S5. The final solution, whera andp con- Ss. We then repeat the same procedure for the other surface
verge, should be located in both regions of the Gauss mapS, using—n andp.. If either p; or p, is updated at this
shown in Figures 12(a)-12(b). The intersection of these twostage, we need to repeat the whole procedure. Otherwise,
regions is shown in Figure 13, where the intersected regionwe have computed the distance betwégrand.S;.

is bounded by four great circles. In the next iteration, we ) o ) ]
consider the great circular arc that connassndp on the _We have implemented this iterative search algorlthm.
sphere, and take the location that subdivides this arc in theFiguré 14 shows an example where a surface of revolution
ratio of 1 : 2. (We have determined experimentally that this MOVes around a torus while smoothly changing its orien-

ratio produces a faster convergence than the ‘obvious’ ratiot@tion. The figure shows four ‘snapshots’ of the motion,
of 1 : 1, which sometimes causes the search to oscillate.) &t €ach of which the distance between the surfaces was

computed. This took less than 0.5 msec on average (on a
500 MHz Linux machine) using a termination condition of
(n,p) > 0.99999. This performance demonstrates the po-
tential of this approach in real-time collision detection and
avoidance.

(@) (b)

Figure 12. (a) A region in the Gauss map of
S1, and (b) a region in the Gauss map of  S,.

Figure 14. An example distance computation.
The bold curved line shows the trajectory of
the center of the moving surface, while bold
line segments show the pairs of points real-
izing the shortest distances.

Figure 13. An intersected region bounded by
four circular arcs.



7 Conclusions

We have presented an efficient algorithm for constructing
the Minkowski sum of two simple surfaces generated by
slope-monotone closed curves. Based on the simple struc- [8]
ture of these surfaces, we have formulated explicit equa-
tions for matching their surface normals. To demonstrate

the effectiveness of this approach, we have implemented an
algorithm for computing the distance between two such sur-
faces of revolution. Experimental results indicate that our

approach compares favorably with previous methods. In fu-

ture work, we would like to extend the geometrical coverage

of our method.
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