�´/ŚŒÐÏ̌Ÿ+ &PœB̊

$í�ïørŒâ�^† Gershon Elber^‡ ^Ť�”î�Ãž^†

† "fÖ�ę@/Ę¡ÆŞğ (Ő̌ÉÓ’-/BNĘ¡ÆÂÒ "fÖ�ę@/Ę¡ÆŞğ (Ő̌ÉÓ’-Čȷ̈¡ĺŹè ‡ Technion-Israel Institute of Technology

Polynomial Decomposition and Its Applications Joon-Kyung Seong^† Gershon Elber^‡ Myung-Soo Kim^†

† School of Computer Science end Engineering, SNU Institute of Computer Technology, SNU ‡ Technion-Israel Institute of Technology

şÀ żÈÐ

Ś:r Ŋ7HëH\Ą"fŊ›H ^«Ę¡ÓdŤ̃ H(x)ŰÐÂÒ’- H(x) = f(g(x))\ę̌ ëSSŰ7áď ‚«Ŋ›H £ž >h_‹ ^«Ę¡ÓdŤ̃ f(x), g(x) ŰÐ ìfirK‚«Ŋ›H ůúŸŞęoff7čğ‘ę̌ ]j rffô»Ç^«. çSSŰéSSŰô»Ç ¡ĺŻÿ_‹ qffĆ–¨+þA ~¡Ó&ñ̇dŤ̃ [þt‘ę̌ Û̋ęĂ—¨ sff ëH]j\ę̌ Kffi—˚¡+É Ãž eŤ„^«. {9˚ìøÍ&h̃ÜĳŰÐ qffĆ–¨+þA ~¡Ó&ñ̇dŤ̃‘ę̌ ÉÒŊ›H ëH]jŊ›H -ľĲ{ľĲyff #Qğ>˘^«Şę #Ňfi—tffŞę eŤ„tffëSSŰ, sff ëH]j\Ą"fŊ›H Ą—¨Ãž[þt çSSŰ_‹ &ȟôdŤ̃‘ę̌ sff6ăx‚«#Ň &ñ̇SXĽ‚«>ı K\ę̌ ¡ĺ¡+É Ãž eŤ„^«. Ŋ7HëH \Ą"fŊ›H Y>˛ `«tff \V]j\ę̌ :§xK"f ]jrffô»Ç ůúŸŞęoff7čğ_‹ ťòÖ̊ę$í̇ ‘ę̌ ŸÐsffŞę, lff‚« Ůÿ4SqàA ìfirˇ»\Ą"f Œ̋æŕźô»Ç 6čx6ăx\Ą @/K Ŋ7H‚« Şę˘« ô»Ç^«.

1. "-Òeţ

£ž ^«Ę¡ÓdŤ̃_‹ ¡+Ë$í̇ŞÉr lff‚« Ůÿ4SqàAsff´« (Ő̌ÉÓ’- ÕłAiŤ̃Ûĳ ìfirˇ» 1px\Ą"f BÄž Œ̋æŕź‚«^«. Maplesff´« Mathematicaü< řúăŞÉr Źè áÔàÔJ?#Q ‘ĚvfftffŊ›H ?/ÂÒ Čȷ̈íSSŰ˘«ŰÐ"f ^«Ę¡ÓdŤ̃_‹ ¡+Ë$í̇‘ę̌ tff"éű ‚«Şę eŤ„^«. sff Ŋ7HëH\Ą"fŊ›H ¡+Ë$í̇İ)a ^«Ę¡ÓdŤ̃, H(x) = f(g(x)), \Ą @/K"f ¡+Ë$í̇ Čȷ̈íSSŰ_‹ %ĩ Čȷ̈íSSŰŞff̈ decomposition ‘ę̌ ÒqtyŇŢ‚« Şę˘« ô»Ç^«. 7čď, H(x)`« ÅÒ#Q&Š„‘ę̌ M:, f(x) ü< g(x)\ę̌ ¡ĺ‚«Şę ˘« ô»Ç^«.

sff Čȷ̈íSSŰŞÉr Maplesff´« Mathematica\Ą"fŢÿ ˇ«fŤ̃ tff"éűœ&tff ůúğŞę eŤ„^«. {9˚ìøÍ&h̃ÜĳŰÐ ¡+Ë$í̇ Čȷ̈íSSŰsff ˇ«ÅÒ ťúğsff ˚«6ăxœ&Şę eŤ„ 6čğ\ĄŢÿ Ô̋ę¡ĺ‚«Şę, Õł %ĩ Čȷ̈íSSŰ\Ą @/ô»Ç tff"éűsff \Ofl^«Ŋ›H ffiŕ̄ŞÉr Zȷt ~«îfir {9˚sff ˇ«ûť Ãž \Ofl^«. %ĩ Čȷ̈íSSŰsff \Ofl^«Ŋ›H ˚«ẑťŰÐÂÒ’- Ûĳ ěę~«Şff̈ Ůÿ4Sq_‹ watermarking\Ą eŤ„#Q"f ^«Ę¡ÓdŤ̃_‹ ¡+Ë$í̇sff ˚« 6ăx|ĺc Ãž eŤ„^«Ŋ›H ÅÒĄľĲ[þtsff ]jlffœ&lffŢÿ ‚«%i„^« [5]. ›«~«"f, Ś:r Čȷ̈¡ĺ_‹ ffi—˚õ̆Ŋ›H ^«Ę¡ÓdŤ̃_‹ ¡+Ë$í̇‘ę̌ ˚«6ăxK"fŊ›H ffi8 sff-ľĲ îSSŰ

Ďı̈‚«>ı Ůÿ4Sq‘ę̌ watermarking¡+É Ãž \Ofl^«Ŋ›H ffiŕ̄‘ę̌ ŸÐ#ŇÅÒlffŢÿ ô»Ç^«.

¡+Ë$í̇ Čȷ̈íSSŰ_‹ %ĩ Čȷ̈íSSŰŞÉr řúăŞÉr /BGĆ–¨sfftffëSSŰ ^«ØÔ>ı şðĽ&şİ)a £ž /BGĆ–¨‘ę̌ ź1Ôˇ«?/Ŋ›H X<Ţÿ Œ̋æŕźô»Ç %ĩ¡+É‘ę̌ ô»Ç^«. NURBS /BG Ć–¨‘ę̌ ˚«6ăx¡+É M:\ĄŊ›H degree raising, refinement ćÿŊ›H composition‘ę̌ :§xK"f £ž /BGĆ–¨sff ^«ØÔ>ı şðĽ&ş |ĺc Ãž eŤ„^«. ‚«tffëSSŰ, degree raisingsff´« refinement\Ą @/ô»Ç %ĩ Čȷ̈íSSŰŞÉr ~1—>ı ¡ĺĽ&ş ¡+É Ãž eŤ„Üĳ9, sff Ŋ7HëH\Ą"fŊ›H Ę<ÊÃž_‹ ¡+Ë$í̇\Ą Ż’aô»Ç %ĩ Čȷ̈íSSŰ ‘ę̌ ^«ÀÒŞę˘« ô»Ç^«. /BGĂ—¨sff #ŇfflQ >h_‹ patche[þtŰÐ sffÀÒ#Q4R eŤ„‘ę̌ M:, yŇŢ patch_‹ ffiâ̇>ȷ/BGĆ–¨‘ę̌ ÒqtyŇŢKŸÐ˘«. sff[þt ffiâ̇>ȷ/BG Ć–¨ŞÉr řúăŞÉr ŮÿĂłĲ_‹ /BGĆ–¨sfftffëSSŰ degree1pxsff šúŸ~«4R"f, tessellationõ̆&ñ̇\Ą"f hole‘ę̌ ëSSŰ[þtlffŢÿ ô»Ç^«. sff[þt /BGĆ–¨[þtsff ‚«´« _‹ lffŚ:r +þAdŤ̃ÜĳŰÐ şðĽ&ş |ĺc Ãž eŤ„^«Ă—¨, matching õ̆&ñ̇sff B Äž /’0>|9˚ Ãž eŤ„^«.

/BGĆ–¨_‹ ¡+Ë$í̇ŞÉr degree raisingsff´« refinement õ̆&ñ̇õ̆ ¨«ðøÍ `«tffŰÐ /BGĆ–¨_‹ parameterization\ĄŢÿ %ò̇Ę¿Ó‘ę̌ ÅÒ>ı İ)a^«. ^« Ę¡ÓdŤ̃ c(t) = t[(1 − t) + t]^n \ę̌ ˚«6ăxK"f ¡+Ë$í̇ô»Ç /BGĆ–¨ f(c(t)) Ŋ›H /BGĆ–¨_‹ 5ÅqŢÿŊ›H ŸÐŤ>r‚«tffëSSŰ ¯«ÃžŊ›H Zȷ}sff>ı İ)a^«. ‚«tffëSSŰ Õł sffü@_‹ ^«Ę¡ÓdŤ̃ c(t)Ŋ›H /BGĆ–¨_‹ 5ÅqŢÿ ćÿô»Ç Ą—¨ôrffvff>ı İ)a ^«. Degree raisingsff´« refinement\ę̌ :§xK"f /BGĆ–¨_‹ ¯«Ãž`« Zȷ}ˇ«Ťff̈ ffiâ̇Äž\ĄŊ›H degree reductionůúŸŞęoff7čğÜĳŰÐ ¯«Ãž\ę̌ śúİ Ø̋ę Ãž eŤ„Üĳ9 [6], knot removal‘ę̌ :§xK"f Œ̋æ4§ďœ&Ŋ›H knot‘ę̌ ]jfi–¡+É Ãž eŤ„^« [4]. Ś:r Ŋ7HëH\Ą"fŊ›H ^«Ę¡ÓdŤ̃ ¡+Ë$í̇_‹ %ĩ Čȷ̈íSSŰ ‘ę̌ ]j/BNĘ<ÊÜĳŰÐ+Ń /BGĆ–¨_‹ ¯«Ãž\ę̌ śúİÆÒŊ›H DhŰÐîfir ffi—˚õ̆\ę̌ ]j rff‚«Şę˘« ô»Ç^«.

£ž qffĆ–¨+þA ^«Ę¡ÓdŤ̃ f(x) ü< g(x)\ę̌ ÒqtyŇŢKŸÐ˘«. £ž ^«Ę¡ÓdŤ̃ _‹ ¡+Ë$í̇ (f ∘ g)(x) = f(g(x)) ŞÉr ¯«Ãž`« š‘Żff̈ Zȷ}Şę, ťúğŞÉr qff Ć–¨+þA >ȷÃž\ę̌ `«tffŊ›H ^«Ę¡ÓdŤ̃sff İ)a^«. {9˚ìøÍ&h̃ÜĳŰÐ, Čȷ̈wn̆ qffĆ–¨

+þAdŤ̃‘ę̌ ÉÒŊ›H ëH]jŊ›H BÄž #Qğ>˘^«. ‚«tffëSSŰ, Ś:r Ŋ7HëH\Ą"f ^« ÀÒŞę eŤ„Ŋ›H ëH]j\Ą eŤ„#Q"f qffĆ–¨+þA dŤ̃[þtŞÉr BÄž &ñ̇+þAôİ)a +þA I\ę̌ `«tffŞę eŤ„Üĳ9, sff\ę̌ sff6ăx‚«Ă—¨ qffŞğ&h̃ ~1—>ı K\ę̌ ¡ĺ¡+É Ãž eŤ„^«. f(x)`« ÄżoffĘ<ÊÃžŞff̈ ffiâ̇Äž\ĄŢÿ sfffflQô»Ç &ñ̇+þAôİ)a +þA IŊ›H projective /BNçSSŰ\Ą"f űúŸ(RŸÐĂ—¨ 1lx{9˚‚«^«.

sff Čȷ̈¡ĺ_‹ ÅÒŕź ffi—˚õ̆Ŋ›H ^«6čğõ̆ řúă^«: ¡+Ë$í̇İ)a ^«Ę¡ÓdŤ̃ H(x)_‹ >ȷÃž Œ̋æ śúİŞÉr ¯«Ãž_‹ >ȷÃžŊ›H f(x) \ę̌ ¡ĺ‚«Ŋ›HX< ˚« 6ăxœ&Şę, Zȷ}ŞÉr ¯«Ãž_‹ >ȷÃžŊ›H g(x)\ę̌ ¡ĺ‚«Ŋ›HX< ˚«6ăxİ)a^«. H(x)_‹ >ȷÃžŊ›H ¯«Ãž`« BÄž Zȷ}‘ę̌ Ãž eŤ„^«. ‚«tffëSSŰ, convolutionõ̆ ¨«ðøÍ`«tffŰÐ ¯«Ãž`« `«ĄľĲ śúİŞÉr Aáďsff´« `«ĄľĲ Zȷ} ŞÉr AáďŞÉr `«ĄľĲ çSSŰéSSŰô»Ç ¡ĺŻÿ\ę̌ `«tff>ı İ)a^«. {9˚ìøÍ&h̃Şff̈ ¡+Ë$í̇ H(x) = f(g(x))\ę̌ ^«ÀÒŊ›HX< eŤ„#Q"f f(x) ü< g(x)Ŋ›H ^«6čğõ̆ řúăŞÉr canonical +þAdŤ̃‘ę̌ `«&ñ̇KŢÿ {9˚ìøÍ$í̇‘ę̌ {9fitff ůúğ6čğ‘ę̌ 2ĄľĲ \Ą"f ŸÐsffŢÿ2§ď ô»Ç^«:

f(x) = x^m + b_{m−1}x^{m−1} + · · · + b_1x + b_0, g(x) = x^k + c_{k−1}x^{k−1} + · · · + c_1x. (1)

sffXO“>ı `«&ñ̇Ę<ÊÜĳŰÐ+Ń, ¡+Ë$í̇İ)a ^«Ę¡ÓdŤ̃_‹ >ȷÃž\ę̌ -ľĲ{ľĲyff çSSŰ éSSŰ‚«>ı ëSSŰ[þt Ãž eŤ„Üĳ9, Õł ¡ĺŻÿ\ę̌ ìfir$3~‚«Ŋ›HX<Ţÿ š‘Żff̈ /’0> Ťff̈^«.

dŤ̃ (1)_‹ £ž ^«Ę¡ÓdŤ̃‘ę̌ ¡+Ë$í̇‚«>ı œ&Ă—¨ ¯«Ãž`« kmŞff̈ ^«Ę¡Ó dŤ̃‘ę̌ %3˝>ı İ)a^«:

H(x) = x^{km} + a_{km−1}x^{km−1} + · · · a_1x + a_0 = f(g(x)) = (x^k + c_{k−1}x^{k−1} + · · · + c_1x)^m +b_{m−1}(x^k + c_{k−1}x^{k−1} + · · · + c_1x)^{m−1} · · · +b_1(x^k + c_{k−1}x^{k−1} + · · · + c_1x) +b_0.

H(x)_‹ þjŞę¯«Ę¡Ó k>h\ę̌ űúŸ(RŸÐĂ—¨, yŇŢ >ȷÃž c_{k−i}Ŋ›H a_{km−i} ü< c_k, · · · , c_{k−i+1} (i = 1, · · · , k − 1; c_k = 1)ŰÐ ÅÒ#QtffŊ›H Ę<ÊÃžŰÐ"f şðĽ&şœ&#QŤff̈^«Ŋ›H ˚«ẑť‘ę̌ ůúŸ Ãž eŤ„^«. {9˚éSSŰ g(x)_‹ >ȷÃž`« sffXO“>ı ¡ĺKtffŞę ´«Ă—¨, f(x)_‹ >ȷÃžü< a_iü<_‹ Ż’a>ȷ Ŋ›H Ć–¨+þAsff^«. ›«~«"f, f(x)_‹ >ȷÃž b_j Ŋ›H a_j , c_1, · · · , c_{k−1}, ü< b_0, · · · , b_{j−1}, for j = 0, · · · , m − 1 _‹ Ę<ÊÃžŰÐ"f &ñ̇SXĽ‚«>ı ¡ĺ KŤff̈^«.

sff Ŋ7HëHŞÉr ^«6čğõ̆ řúăsff ¡ĺ$í̇œ&#QeŤ„^«. ]j 2]X̊\Ą"fŊ›H f(x) ü< g(x)\ę̌ dŤ̃ (1) \Ą"fü< řúăsff çSSŰéSSŰ‚«>ı `«&ñ̇¡+É Ãž eŤ„6čğ‘ę̌ ŸÐ Şff̈^«. sff\ę̌ ˝«Ď¡ÓÜĳŰÐ ]j 3]X̊\Ą"fŊ›H ÅÒ#QŤff̈ /BGĆ–¨‘ę̌ ìfirK‚«Ŋ›H ůúŸŞęoff7čğ\Ą @/K lffÕütô»Ç^«. ¨«tff}ŇŢÜĳŰÐ, ]j 4]X̊\Ą"fŊ›H Ŋ7HëH \Ą @/ô»Ç ffi—˚Ŕ:r‘ę̌ ?/Ŕ2;^«.

2. A Template Solution

sff ]X̊\Ą"fŊ›H ^«Ę¡ÓdŤ̃ H(x) = f(g(x))\ę̌ £ž >h_‹ ^«Ę¡ÓdŤ̃ f(x) ü< g(x)ŰÐ ìfirK‚«Ŋ›H õ̆&ñ̇‘ę̌ çSSŰéSSŰ‚«>ı ëSSŰ[þt#QÅÒŊ›H affine Ą—¨ ĺ8Ł\Ą @/K"f lffÕüt‚«Şę˘« ô»Ç^«.

Ć–¨+þA ^«Ę¡ÓdŤ̃\Ą _‹K şðĽ&şœ&Ŋ›H affine Ą—¨ĺ8Ł‘ę̌ ÒqtyŇŢKŸÐ˘«: l(x) = αx + β, #Ňlff"f α ≠ 0 sffŞę βŊ›H -ľĲÃžsff^«. ÕłfflQĂ—¨, Õł %ĩ Ą—¨ĺ8Ł %ĩrff Ć–¨+þA ^«Ę¡ÓdŤ̃sff İ)a^«:

l^{−1}(x) = α^{−1}(x − β).

¡+Ë$í̇İ)a ^«Ę¡ÓdŤ̃ H(x) = f(g(x))`« ÅÒ#Q|9˚ M:, 0A_‹ Ć–¨+þA ^«Ę¡ÓdŤ̃‘ę̌ ˚«6ăx‚«Ă—¨ H(x)\ę̌ ìfirK ‚«Ŋ›H ~¡ÓZŎŞÉr ÁžÃžyff ťúğ^«: H(x) = f(g(x)) = f̂(ĝ(x)), éSSŰ,

f̂(x) = (f ∘ l^{−1})(x), ĝ(x) = (l ∘ g)(x). ëSSŰĂŊŢ, f(x) ü< g(x)`« ^«Ę¡ÓdŤ̃sff~«Ă—¨ f̂(x) = (f ∘ l^{−1})(x) ü< ĝ(x) = (l ∘ g)(x) ćÿô»Ç ¯«Ãž`« řúăŞÉr ^«Ę¡ÓdŤ̃sffİ)a^«.

g(x)`« c_k ≠ 0\ę̌ ëSSŰ7áď‚«Ŋ›H ¯«Ãž k_‹ ^«Ę¡ÓdŤ̃sff~«Şę `«&ñ̇ ‚«˘«:

g(x) = c_kx^k + c_{k−1}x^{k−1} + · · · + c_1x + c_0,

sff M:, ^«6čğõ̆ řúăŞÉr Ć–¨+þA ^«Ę¡ÓdŤ̃‘ę̌ ˚«6ăx‚«Ă—¨,

l(x) = c^{−1}_k (x − c_0),

l(g(x))Ŋ›H ^«6čğõ̆ řúă^«:

ĝ(x) = x^k + (c^{−1}_k c_{k−1})x^{k−1} + · · · + (c^{−1}_k c_1)x.

›«~«"f, {9˚ìøÍ$í̇‘ę̌ {9fitff ůúğŞę c_k = 1 sffŞę c_0 = 0sff~«Şę `« &ñ̇¡+É Ãž eŤ„^«.

sff]j ^«Ę¡ÓdŤ̃ f(x)`« b_m ≠ 0‘ę̌ ëSSŰ7áď‚«Ŋ›H ¯«Ãž mŞff̈ ^«Ę¡Ó dŤ̃sffŞę, g(x)`« 0Aü< řúăsff ÅÒ#Q&Š„^«Şę `«&ñ̇‚«Ă—¨:

f(x) = b_mx^m + b_{m−1}x^{m−1} + · · · + b_1x + b_0, g(x) = x^k + c_{k−1}x^{k−1} + · · · + c_1x,

Õł ¡+Ë$í̇ ^«Ę¡ÓdŤ̃ H(x) = f(g(x))Ŋ›H ^«6čğõ̆ řúă^«: H(x) = a_{km}x^{km} + a_{km−1}x^{km−1} + · · · a_1x + a_0 = f(g(x))

= b_m(x^k + c_{k−1}x^{k−1} + · · · + c_1x)^m +b_{m−1}(x^k + c_{k−1}x^{k−1} + · · · + c_1x)^{m−1} · · · +b_1(x^k + c_{k−1}x^{k−1} + · · · + c_1x) +b_0.

sffM:, ¯«Ãž`« kmŞff̈ Ę¡Ó_‹ >ȷÃž\ę̌ qffŞğKŸÐĂ—¨, a_{km} = b_mŞff̈ ffiŕ̄‘ę̌ ůúŸ Ãž eŤ„^«. 0A_‹ dŤ̃\Ą"f H(x)ü< f(x)\ę̌ a_{km} = b_mŰÐ ´«¿žĂ—¨, £ž ^«Ę¡ÓdŤ̃ Ůÿ£ž þjŞę¯«Ę¡Ó_‹ >ȷÃž`« 1Şff̈ ^«Ę¡ÓdŤ̃ÜĳŰÐ `«&ñ̇¡+É Ãž eŤ„^«. ›«~«"f, sff Ŋ7HëH\Ą"fŊ›H ^«6čğõ̆ řúăsff `«&ñ̇ô»Ç ^«: H(x) = x^{km} + a_{km−1}x^{km−1} + · · · a_1x + a_0, f(x) = x^m + b_{m−1}x^{m−1} + · · · + b_1x + b_0, g(x) = x^k + c_{k−1}x^{k−1} + · · · + c_1x

›«~«"f, ¡+Ë$í̇İ)a dŤ̃ŞÉr ^«6čğõ̆ řúă^«:

f(g(x)) = (x^k + c_{k−1}x^{k−1} + · · · + c_1x)^m (2) +b_{m−1}(x^k + c_{k−1}x^{k−1} + · · · + c_1x)^{m−1} · · · +b_1(x^k + c_{k−1}x^{k−1} + · · · + c_1x) +b_0.

3. Recurrence Formulas

sff ]X̊\Ą"fŊ›H c_{k−i} ü< b_j \ę̌ &ȟŤff̈&h̃ÜĳŰÐ ¡ĺ¡+É Ãž eŤ„Ŋ›H &ȟô Ż’a >ȷdŤ̃\Ą @/K lffÕütô»Ç^«.

Ă–¨$-, Ą—¨Ãž A[l, i], (l = 1, · · · , m; i = 0, · · · , kl − l)\ę̌ ^«6čğ õ̆ řúăsff &ñ̇_‹‚«˘«.

(c_kx^k + c_{k−1}x^{k−1} + · · · + c_1x)^l = kl−l∑

i=0 A[l, i]x^{kl−i}, éSSŰ, c_k = 1 sff^«. ÕłfflQĂ—¨, A[1, i] = c_{k−i}, for i = 0, · · · , k − 1; A[l, 0] = c^l_k = 1, for l = 1, · · · , m; and A[m, i] = a_{km−i}, for i = 1, · · · , k − 1. eŤ̌‘ę̌ ůúŸ Ãž eŤ„^«.

ćÿô»Ç, l = 2, · · · , m\Ą @/K"f ^«6čğ_‹ &ȟôdŤ̃‘ę̌ ˚«6ăx‚«Ă—¨,

(x^k + c_{k−1}x^{k−1} + · · · + c_1x)^l = (x^k + c_{k−1}x^{k−1} + · · · + c_1x)

·(x^k + c_{k−1}x^{k−1} + · · · + c_1x)^{(l−1)}

= (x^k + c_{k−1}x^{k−1} + · · · + c_1x) · k(l−1)−(l−1) ∑ i=0 A[l − 1, i]x^{k(l−1)−i} ,

i = 0, · · · , k − 1\Ą @/K"f ^«6čğõ̆ řúăŞÉr &ȟô Ż’a>ȷdŤ̃‘ę̌ ÄżŢÿ ¡+É Ãž eŤ„^«: A[l, i] = i∑ j=0 c_{k−i+j} A[l − 1, j]. ÕłfflQĂ—¨, ÃžĘ<Æ&h̃ )‚śúŽZŎ\Ą _‹K"f A[l, i]Ŋ›H c_k, · · · , c_{k−i}ŰÐÂÒ ’- ffi—˚&ñ̇İ)a^«Ŋ›H ˚«ẑť‘ę̌ ~1—>ı ŸÐ{9˚ Ãž eŤ„^«.

sff &ȟô Ż’a>ȷdŤ̃‘ę̌ ˚«6ăxK"f ^«6čğ‘ę̌ sff=åJ#Qèŋq Ãž eŤ„^«: a_{km−i} = A[m, i] = i∑ j=0 c_{k−i+j} A[m − 1, j]

= c_{k−i}A[m − 1, 0] + A[m − 1, i] + i−1∑ j=1 c_{k−i+j} A[m − 1, j] = c_{k−i} + c_{k−i}A[m − 2, 0] + A[m − 2, i] + i−1∑ j=1 c_{k−i+j} A[m − 2, j] + i−1∑ j=1 c_{k−i+j} A[m − 1, j]

= 2c_{k−i} + A[m − 2, i] + m−1∑ l=m−2 i−1∑ j=1 c_{k−i+j} A[l, j]

= (m − 1)c_{k−i} + A[1, i] + m−1∑ l=1 i−1∑ j=1 c_{k−i+j} A[l, j]

= mc_{k−i} + m−1∑ l=1 i−1∑ j=1 c_{k−i+j} A[l, j]

›«~«"f, i = 1, 2, · · · , k − 1\Ą @/K ÄžoffŊ›H ^«6čğ_‹ ffi—˚Ŕ:r‘ę̌ Äż ŢÿK ů̂p^«: c_{k−i} = a_{km−i} − ∑_{m−1} l=1 ∑_{i−1} j=1 c_{k−i+j} A[l, j] m . (3) yŇŢ Ę¡Ó3lq A[l, j]`« c_k, · · · , c_{k−j} \Ą _‹K ffi—˚&ñ̇İ)a^«Ŋ›H ffiŕ̄‘ę̌ ÅÒtff ‚«Ă—¨, c_{k−i}`« a_{km−i} ü< c_k, · · · , c_{k−i+1}\Ą _‹K"f >ȷíSSŰœ&#QŤff̈ ^«Ŋ›H ffiŕ̄‘ę̌ ůúŸ Ãž eŤ„^«.

{9˚éSSŰ c_{k−1}, · · · , c_1`« 0A_‹ &ȟô Ż’a>ȷdŤ̃‘ę̌ ˚«6ăxK"f ¡ĺK tffŞę ´«Ă—¨, ^«Ę¡ÓdŤ̃ f(x)_‹ >ȷÃž b_iŊ›H c_{k−1}, · · · , c_1 ü< b_0, · · ·, b_{i−1}_‹ rational şðĽ&şÜĳŰÐ ´«¸«?/#Q |9˚ Ãž eŤ„^«. sff\ę̌ 0AK"f DhŰÐîfir Ą—¨Ãž B[l, i], (l = 1, · · · , m; i = l, · · · , kl)\ę̌ ^«6čğõ̆ řúăsff &ñ̇_‹‚«˘«:

(x^k + c_{k−1}x^{k−1} + · · · + c_1x)^l = kl∑ i=l B[l, i]x^i.

sff]j ^«6čğ_‹ dŤ̃sff $í̇wn̆ô»Ç^«:

B[1, i] = c_i, for i = 1, · · · , k − 1; and B[l, l] = c^l_1, for l = 1, · · · , m. B[l, i]_‹ yŇŢ >ȷÃž řúŕŞÉr ^«6čğõ̆ řúăsff ¡ĺ¡+É Ãž eŤ„^«. kl∑ i=l B[l, i]x^i = (x^k + c_{k−1}x^{k−1} + · · · + c_1x)^l

= (x^k + c_{k−1}x^{k−1} + · · · + c_1x) ·(x^k + c_{k−1}x^{k−1} + · · · + c_1x)^{(l−1)} = (x^k + c_{k−1}x^{k−1} + · · · + c_1x) · k(l−1)∑

i=l−1 B[l − 1, i]x^i .

ÕłfflQĂ—¨, B[l, i]\ę̌ 0Aô»Ç &ȟôdŤ̃ŞÉr ^«6čğõ̆ řúă^«. B[l, i] = k∑ j=1 c_j B[l − 1, i − j].

#Ňlff"f i−j < l−1 sffŞę i−j > k(l−1){9˚ M:, B[l−1, i−j] = 0 sfflff M:ëH\Ą ^«6čğ‘ę̌ %3˝‘ę̌ Ãž eŤ„^«: B[l, i] = min(k,i−l+1) ∑ j=max(1,i−k(l−1)) c_j B[l − 1, i − j].

sffXO“>ı‚«#Ň B[l, i]_‹ řúŕ‘ę̌ Ůÿ£ž >ȷíSSŰ‚«Şę ´«Ă—¨, b_l, (l = 1, · · · , m − 1)‘ę̌ >ȷíSSŰ¡+É Ãž eŤ„^«. Ă–¨$-, l < p ćÿŊ›H pk < l {9˚ M:, B[p, l] = 0 eŤ̌‘ę̌ `«&ñ̇‚«Ă—¨, dŤ̃ (2) ÜĳŰÐÂÒ’-

a_l = b_lc^l_1 + l−1∑ p=1 b_pB[p, l].

\ę̌ %3˝‘ę̌ Ãž eŤ„^«. ›«~«"f, c_1 ≠ 0{9˚ M:, b_lŞÉr ^«6čğõ̆ řúăsff ¡ĺ ¡+É Ãž eŤ„^«:

b_l = a_l − ∑_{l−1} p=1 b_pB[p, l] c^l_1 . sff]j ^«6čğõ̆ řúăsff {9˚ìøÍ&h̃Şff̈ ffiâ̇Äž\ę̌ ÒqtyŇŢKŸÐ˘«.

g(x) = x^k + c_{k−1}x^{k−1} + · · · + c_sx^s;

ÕłfflQĂ—¨

a_{sl} = b_lc^l_s + l−1∑ p=1 b_pB[p, sl], sffŞę, þj7áx&h̃ÜĳŰÐ ^«6čğ‘ę̌ %3˝Ŋ›H^«.

b_l = a_{sl} − ∑_{l−1} p=1 b_pB[p, sl] c^l_s . (4)

^«6čğ_‹ ůúŸŞęoff7čğ 1, 2Ŋ›H f(x) ü< g(x)_‹ >ȷÃž\ę̌ ¡ĺ‚«Ŋ›H ~¡ÓZŎ‘ę̌ ŸÐ#Ňïfir^«. n_‹ ŮÿŐ›H devisor k (1 < k < n)\Ą @/K "f, m = n/ksff~« £žŞę ůúŸŞęoff7čğ 1, 2\ę̌ ẑť’§İ‚«Ă—¨, f(x) ü< g(x)\ę̌ ¡ĺ¡+É Ãž eŤ„Şę, H(x) = f(g(x))`« $í̇wn̆‚«Ŋ›Htff ffiŐ̌7čxô»Ç ^«. n < 30Şff̈ ffiâ̇Äž £ž ůúŸŞęoff7čğŞÉr ẑťrffçSSŰ\Ą ẑť’§İİ)a^«.

>ȷíSSŰ-ľĲ_‹ Ãžuff&h̃ \ĄfflQŰÐ Şff̈K H(x) ü< f(g(x))_‹ >ȷÃž`« ĂŊŢçSSŰ ^«\ę̌ Ãž eŤ„^«. Ŋ7HëH\Ą"fŊ›H £ž ^«Ę¡ÓdŤ̃_‹ >ȷÃž ¯«sff`« 10^{−9}ŸÐ^« ĄŇŢ‘ę̌ ffiâ̇Äž řúăŞÉr ffiŕ̄ÜĳŰÐ çSSŰÅÒ‚«%i„^«.

4. Conclusion

sff Ŋ7HëH\Ą"fŊ›H ¡+Ë$í̇İ)a ^«Ę¡ÓdŤ̃ H(x)`« ÅÒ#Q&Š„‘ę̌ M: H(x) = f(g(x))\ę̌ ëSSŰ7áď‚«Ŋ›H £ž ^«Ę¡ÓdŤ̃ f(x) ü< g(x)\ę̌ &ñ̇SXĽ‚«>ı ¡ĺ K?/Ŋ›H ůúŸŞęoff7čğ‘ę̌ lffÕüt‚«%i„^«.

sff ffi—˚õ̆\ę̌ sff6ăxK"f ÄžoffŊ›H ÅÒ#QŤff̈ polynomial/rational /BGĆ–¨sff FB>hôİ)a /BGĆ–¨Şff̈tff_‹ #ŇÂÒ\ę̌ ~1—>ı ůúŸ Ãž eŤ„%3„^«. "éűA_‹ Ûĳěę~«Şff̈ /BGĆ–¨õ̆ FB>hô Ę<ÊÃž‹«tffŢÿ &ñ̇SXĽ‚«>ı ¡ĺ Kèŋq Ãž eŤ„%3„^«.

sff Ŋ7HëH\Ą ]jrffİ)a ůúŸŞęoff7čğŞÉr ˘«Äż /BGĆ–¨ Ůÿ4SqàA ìfirˇ»\Ą "f ťúğŞÉr <ÉłpffŰÐîfir ëH]j[þt\Ą 6čx6ăx|ĺc Ãž eŤ„‘ę̌ ffiŕ̄sff^«. ůúąÜĳ ŰÐ Kffi—˚œ&#Qˇ» ¡+É Œ̋æŕźô»Ç ëH]jŰÐŊ›H 2Ą—¨ÃžŰÐ İ)a ^«Ę¡ÓdŤ̃_‹ decomposition ëH]j\ę̌ [þt Ãž eŤ„^«.

¡ÇÔŤğ %KœńźŻ

[1] Cohen, E., Riesenfeld, R.F., and Elber, G. Geometric Modeling with Splines: An Introduction. A.K. Peters, Natick Massachusetts, 2001.

[2] Heal, K.M., Hansen, M., and Richard, K. Maple V Learning Guide (for Release 5), Springer-Verlag, 1997.

[3] IRIT 8.0 User’s Manual, October 2000, Technion.

http://www.cs.technion.ac.il/∼irit.

[4] Lyche, T., and Morken, V. Knot removal for parametric B-spline curves and surfaces Computer Aided Geometric Design, Vol. 4, No. 3, pp. 217–230, 1987.

[5] Ohbuchi, R., Masuda, H., and Aono, M. A Shapepreserving Data Embedding Algorithm for NURBS Curves and Surfaces. Proc. of Computer Graphics International (CGI 99), Canada, June 1999.

[6] Piegl, L., and Tiller, W. Algorithm for degree reduction of B-spline curves. Computer-Aided Design, Vol. 27, No. 2, pp. 101–110, 1995.

Algorithm 1 Input: The composite function H(x) of degree n;

Output: The function g(x) of degree k which satisfies that f(g(x)) = H(x); DecompositionG( H(x) ) begin

for i := 1 to k − 1 do A[m, i] ⇐ a_{km−i}; end for l := 1 to m do A[l, 0] ⇐ 1; end for i := 1 to k − 1 do c_{k−i} ⇐^1_m ( a_{km−i} − ∑_{m−1} l=1 ∑_{i−1} j=1 c_{k−i+j} A[l, j] ) ; /% Equation (3) %/ for l := m − 1 downto 1 do A[l, i] ⇐ A[l + 1, i] − ∑_{i−1} j=0 c_{k−i+j} A[l, j]; end end c_0 = 0;

Construct a polynomial function g(x) using c_i, i = 0, 1, · · · , k; return g(x);

Algorithm 2 Input: The composite function H(x) of degree n; The function g(x) of degree k;

Output: The function f(x) of degree m which satisfies that f(g(x)) = H(x); DecompositionH( H(x), g(x) ) begin

/% Assume g(x) = x^k + c_{k−1}x^{k−1} + · · · + c_sx^s %/

for i := 1 to k − 1 do B[1, i] ⇐ c_i; end for l := 2 to m do

for i := 1 to kl do B[l, i] ⇐ ∑_{min(k,i−l+1)} j=max(1,i−k(l−1)) cj B[l − 1, i − j]; end end for l := 1 to m − 1 do b_l ⇐^1_{cls} ( a_{sl} − ∑_{l−1} p=1 b_pB[p, sl] ) ; /% Equation (4) %/ end b_0 ⇐ a_0;

Construct a polynomial function f(x) using b_l, l = 0, 1, · · · , m − 1; return f(x);

[7] Spiegel, M. Mathematical Handbook of Formulas and Tables. Schaum’s Outline Series in Mathematics, McGraw-Hill, pp 4, 1968.

[8] Wolfram, S. The Mathematica Book, 3rd ed. Wolfram Media/Cambridge University Press, 1996.